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Devwudfw

Lq wklv sdshu zh ghyhors dq dv|pphwulf lqirupdwlrq prgho wkdw surylghv d udwlrqdoh iru wkh

h{lvwhqfh ri sd|0iru0shuirupdqfh frqwudfwv lq wkh devhqfh ri lqfhqwlyh iru h>ruw dqg h{sodlqv

zkhq dqg lq zklfk rffxsdwlrqv sd|0iru0shuirupdqfh lv pruh olnho| wr eh revhuyhg1 Lq rxu

prgho frpshwlwlrq dprqj ?upv iru wkh ehvw zrunhuv irufhv ?up wr olqn sd| wr shuirupdqfh

lq rughu wr surylgh wkh ehvw zrunhuv zlwk d kljkhu h{shfwhg frpshqvdwlrq1 Ixuwkhupruh/ wkh

prgho suhglfwv dprqj rwkhu wklqjv dqg frqwudu| wr wkh prudo kd}dug prgho/ wkdw wkhuh lv dq

htxloleulxp lq zklfk zrunhuv xqghu frqwudfwv zlwk d odujhu sd|0iru0shuirupdqfh vhqvlwlylw|

h{huw ohvv h>ruw wkdq zrunhuv xqghu frqwudfwv zlwk d vpdoohu sd|0iru0shuirupdqfh vhqvlwlylw|1

Wkh sdshu dovr pdnhv frqwulexwlrqv wr wkh wkhruhwlfdo olwhudwxuh rq vfuhhqlqj jdphv1 Lw

lv vkrzq wkdw lq d frpshwlwlyh pdunhw dqg xqghu d voljkwo| prgl?hg wlplqj wkdq wkh rqh

sursrvhg e| Urwkvfklog dqg Vwljolw}* +4<:9, d xqltxh htxloleulxp h{lwv zkhq d dssursldwho|

fkrvhq htxloleulxp uh?qhphqw lv xvhg dqg wkdw wkh vwdqgdug uhvxow lq vfuhhqlqj jdphv lq

prqrsrolvwlf vhwwlqjv nqrzq dv qr glvwruwlrq dw wkh wrs +vhh/ Od>rqw dqg Wluroh/ 4<<9, grhv

qrw krog lq d frpshwlwlyh pdunhw1



4 Lqwurgxfwlrq

Hylghqfh vkrzv wkdw vrph zrunhuv duh frpshqvdwhg dffruglqj wr sd|0iru0shuirupdqfh dqg

vrph dffruglqj wr vwudljkw vdodulhv1 Lq wkh XV/ iru lqvwdqfh/ ehwzhhq 53( dqg 63( ri wkh

zrunirufh lv fryhuhg e| vrph nlqg ri sd|0iru0shuirupdqfh frpshqvdwlrq phwkrg1 Wkh vwdq0

gdug udwlrqdoh jlyhq iru wkh xvh ri sd|0iru0shuirupdqfh frqwudfwv lv wkdw wklv frpshqvdwlrq

phwkrg surylghv djhqwv zlwk lqfhqwlyhv wr zrun kdughu uhodwlyh wr wkh fdvh lq zklfk wkh| duh

sdlg vwudljkw vdodulhv1 Zkloh dsshdolqj/ wklv h{sodqdwlrq lv qrw dozd|v hdvlo| uhfrqflohg zlwk

wkhru| dqg hpslulfdo hylghqfh1 Suhqghujdvw +4<<;/ 4<<<, frqfoxghv wkdw wkh vhohfwlrq h>hfwv

ri sd|0iru0shuirupdqfh frqwudfwv duh urxjko| ri htxdo vl}h wr wkh lqfhqwlyhv h>hfwv/ ghvslwh

wkh ryhuzkhoplqj irfxv ri wkh lqfhqwlyh h>hfw rq wkh olwhudwxuh1 Wkxv/ rqh fdq frqfoxgh wkdw

wr irfxv rq wkh lqfhqwlyh h>hfw ri sd|0iru0shuirupdqfh uhvxowv lq d odfn ri xqghuvwdqglqj ri

wkh uroh sod|hg e| lqfhqwlyh frqwudfwv dqg eldv wkh hpslulfdo zrun wkdw wulhv wr lghqwli| wkh

h>hfwv ri frqwudfwv rq surgxfwlylw| dqg frpshqvdwlrq14

Lq wklv sdshu udwkhu wkdq hpskdvl}lqj wkh lqfhqwlyh h>hfw ri sd|0iru0shuirupdqfh/ wkh

vruwlqj ru vhohfwlrq h>hfw ri sd|0iru0shuirupdqfh frqwudfwv lq d frpshwlwlyh oderu pdunhw lv

vwuhvvhg15 Lq vr grlqj/ d vlpsoh dv|pphwulf lqirupdwlrq prgho lv ghyhorshg lq zklfk ulvn

qhxwudo ?upv frpshwh iru ulvn dyhuvh zrunhuv ri gl>huhqw delolwlhv/ zklfk lv xqrevhuyhg e|

hpsor|huv1 Zlwklq wklv iudphzrun/ zh vkrz wkdw zkhq wkh sursruwlrq ri kljk0delolw| zrun0

huv lv vpdoo/ sd|0iru0shuirupdqfh dqg vwudljkw0vdodu| frqwudfwv duh vlpxowdqhrxvo| revhuyhg/

zkloh iru d odujh sursruwlrq ri kljk0delolw| zrunhuv/ rqo| sd|0iru0shuirupdqfh frqwudfwv duh

revhuyhg16 Wklv uhvxowv lq wkdw zlwklq dq rffxsdwlrq/ sd|0iru0shuirupdqfh zrunhuv jdlq pruh

4Vhh/ iru lqvwdqfh/ Od}hdu +4<<<,/ Sdduvk dqg Vkhduhu +4<<:, dqg Vkhduhu +4<<:,1
5Pdvnlq dqg Uloh| +4<;8, dqg Nkdolo dqg Odzduhh +4<<8, vwxg| vrphzkdw vlplodu lvvxhv lq prqrsrolvwlf

vhwwlqjv1 Wkh iruphu vwxg| wkh h!flhqf| ri rxwsxw dqg lqsxw prqlwrulqj lq whupv ri wd{ uhyhqxh dqg wkh

odwwhu vwxg| krz uhvlgxdo fodlpdqf| d>hfwv wkh fkrlfh ehwzhhq wkhvh wzr w|shv ri prqlwrulqj1
6Od}hdu +4<;9, suhvhqwv d vlplodu uhvxow wr rxuv edvhg dovr lq d vruwlqj udwlrqdoh1 Khupdolq +4<<8, lq

d sulqflsdo0djhqw vhwwlqj/ dovr vkrzv wkdw lghqwlfdo ?upv fdq r>hu gl>huhqw lqfhqwlyh frqwudfwv wr wkhlu
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dqg duh pruh surgxfwlyh wkdq vwudljkw0vdodu| zrunhuv1 Ixuwkhupruh/ wkh prgho suhglfwv wkdw

zkhq rqo| sd|0iru0shuirupdqfh frqwudfwv duh r>huhg/ wkh sd|0iru0shuirupdqfh vhqvlwlylw| lv

vpdoohu wkdq zkhq sd|0iru0shuirupdqfh dqg vwudljkw0vdodu| frqwudfwv duh vlpxowdqhrxvo| ri0

ihuhg1 Wkdw lv/ wkh prgho suhglfwv qrw rqo| zklfk w|shv ri frqwudfwv vkrxog eh revhuyhg

zlwklq dq rffxsdwlrq/ exw dovr wkdw wkh irup ri wkh revhuyhg sd|0iru0shuirupdqfh frqwudfwv

gl>hu ghshqglqj rq zkhwkhu wkhvh duh revhuyhg wrjhwkhu zlwk vwudljkw0vdodu| frqwudfwv ru e|

wkhpvhoyhv rqo|1 Wkxv/ wkh uhvxowv suhvhqwhg lq wklv sdshu frxsohg zlwk wkh hylghqfh/ iru

lqvwdqfh/ vxppdul}hg lq Suhqghujdvw +4<<;/ 4<<<, vxjjhvwv wkdw wrr pxfk dwwhqwlrq wr wkh

lqfhqwlyh k|srwkhvlv kdv furzghg rxw wkh lpsruwdqfh ri vruwlqj lq h{sodlqlqj qrw rqo| wkh

khwhurjhqhlw| lq frpshqvdwlrq/ exw dovr wkh irup ri frpshqvdwlrq frqwudfwv1

Wkh prgho/ krzhyhu/ kdv wkh dznzdug suhglfwlrq wkdw lq qr htxloleulxp rqo| vwudljkw0

vdodu| frqwudfwv duh revhuyhg dqg/ ixuwkhupruh/ h>ruw lv ljqruhg1 Wkxv/ zh h{whqg rxu

prgho wr ghdo zlwk prqlwrulqj dqg h>ruw lq wkh vlpsohvw zd| srvvleoh1 Zkhq prqlwrulqj lv

lqwurgxfhg/ lw lv vkrzq wkdw iru mrev lq zklfk wkh prqlwrulqj gl!fxow| lv qrw wrr odujh rxu

uhvxowv krog/ zkloh zkhq wkh prqlwrulqj gl!fxow| lv odujh/ rqo| vwudljkw0vdodu| frqwudfwv duh

revhuyhg1 Ixuwkhupruh/ lw lv vkrzq wkdw rqo| wkrvh rffxsdwlrqv lq zklfk prqlwrulqj wdnhv

sodfh xvh sd|0iru0shuirupdqfh dqg sd| pruh wkdq lq rffxsdwlrqv lq zklfk qr prqlwrulqj

wdnhv sodfh1 Zkhq h>ruw lv lqwurgxfhg/ zh dovr vkrz wkdw rxu uhvxowv duh urexvw wr h>ruw

dqg wkdw xqghu fhuwdlq frqglwlrqv/ zrunhuv xqghu vwudljkw vdodulhv h{huw pruh h>ruw dqg

kdyh d odujhu h{shfwhg surgxfwlylw| wkdq zrunhuv xqghu sd|0iru0shuirupdqfh1 Wkxv/ lw lv qrw

dozd|v wkh fdvh wkdw sd|0iru0shuirupdqfh zrunhuv surgxfh dqg hduq pruh wkdq vwudljkw0vdodu|

zrunhuv1 Lq dgglwlrq/ lw lv vkrzq wkdw d shuirupdqfh vwdqgdug dqg wkh sd|0iru0shuirupdqfh

vhqvlwlylw| duh vxevwlwxwhv ghylfhv wr dfklhyh shuihfw vruwlqj1 Zkhq zrunhuv duh kljko| ulvn

dyhuvh/ d kljk shuirupdqfh vwdqgdug frxsohg zlwk d vpdoo sd|0iru0shuirupdqfh vhqvlwlylw| lv

xvhg wr vruw zrunhuv rxw/ zkloh zkhq zrunhuv duh ohvv ulvn dyhuvh/ d orz shuirupdqfh vwdqgdug

pdqdjhuv1 \hw/ wkh udwlrqdoh iru klv uhvxowv lv frpsohwho| gl>huhqw iurp wkh rqh surylghg khuh1
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frxsohg zlwk d odujh sd|0iru0shuirupdqfh vhqvlwlylw| lv xvhg wr dfklhyh shuihfw vruwlqj1

Ilqdoo|/ wkh sdshu dovr frqwulexwhv wr wkh wkhru| ri vfuhhqlqj lq frpshwlwlyh pdunhwv e|

vkrzlqj wkdw zkhq ?upv fdq uhmhfw dssolfdqwv dqg dq dssursldwhg htxloleulxp uh?qhphqw lv

dgrswhg d xqltxh htxloleulxp dozd|v h{lvwv dqg wklv hqwdlov srrolqj lq wkh uhjlrq lq zklfk

Urwkvfklog dqg Vwljolw}*v +4<:7, lqvxudqfh prgho kdv qr htxloleulxp17 Iru lqvwdqfh/ rxu

htxloleulxp frqfhsw fdq eh xvhg wr vkrz wkdw ghew frqwudfwv wkdw lqfoxgh d froodwhudo pd|

h{lvw iru rwkhu uhdvrq wkdq vruwlqj gl>huhqw ulvnv rxw dqg wr dyrlg udwlrqlqj +vhh/ Ehvwhu/

4<;8, dqg wr vkrz wkdw xqghu fhuwdlq frqglwlrqv srro ulvnv lv zhoiduh hqkdqflqj1

Wkh rxwolqh iru wkh uhvw ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 ghvfulehv d sxuh vfuhhqlqj

prgho lq zklfk rxwsxw ghshqgv rqo| rq d zrunhu*v delolw|1 Vhfwlrq 6 suhvhqwv d ehqfkpdun

fdvh dqg ghulyhv wkh xqltxh Shuihfw Ed|hvldq htxloleulxp1 Lq vhfwlrq 7/ zh sxuvxh wzr

h{whqvlrqv1 Zh h{whqg wkh prgho wr ghdo zlwk h>ruw ?uvw dqg wkhq hqgrjhqrxv dqg lpshuihfw

prqlwrulqj1 Lq wkh qh{w vhfwlrq/ vhfwlrq 8/ wkh suhglfwlrqv ri wkh prgho duh frqwudvwhg

zlwk hpslulfdo hylghqfh dqg suhglfwlrqv ri vlplodu prghov1 Ilqdoo|/ frqfoxglqj uhpdunv duh

suhvhqwhg lq wkh odvw vhfwlrq1

5 Wkh Edvlf Prgho dqg Wkh Htxloleulxp Frqfhsw

514 Wkh Edvlf Prgho

Lghqwlfdo ulvn qhxwudo ?upv frpshwh iru d ?{hg qxpehu ri zrunhuv/ zkhuh oderu vxsso| lv

?{hg dw rqh xqlw iru hdfk lqglylgxdo dqg wkh sulfh ri rxwsxw lv qrupdol}hg wr 41 Hpsor|hhv

gl>hu lq wkhlu lqqdwh delolw|/ w/ dqg hdfk rqh nqrzv klv rzq delolw|1 Wkh hpsor|huv nqrz

rqo| wkdw d zrunhu*v delolw| wdnhv rq wzr ydoxhv/ w 5 i7wc wj/ zkhuh � : 7w : w è f/ zlwk sulru

suredelolw| > ì RoEw ' wä1 Khuh/ > lv lqwhusuhwhg dv wkh srsxodwlrq vkduh ri kljk0delolw|

zrunhuv1
7Xqghu wkh vwdqgdug wlplqj/ li dq htxloleulxp h{lvwv/ lw dozd|v hqwdlov vhsdudwlrq1
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Hdfk ?up l kdv wkh vdph surgxfwlrq whfkqrorj|> wkdw lv/ wkhuh duh wzr srvvleoh rxwsxw

ohyhov 7+ dqg +/ zlwk 7+ gh?qhg e| 7+ ý + juhdwhu wkdq }hur1 Lw lv dvvxphg wkdw d w0zrunhu*v

suredelolw| ri surgxflqj wkh kljk rxwsxw 7+ lv w +suredelolw| ri vxffhvv/ khuhdiwhu,1 Wkhuhiruh/

d w0zrunhu*v h{shfwhg rxwsxw/ ghqrwhg e| + Ewä c lv w7+nE�ýwä+/ dqg vlqfh/ 7w : w/ +Ewä : +Ewä1
Hdfk ?up l r>huv d phqx ri frqwudfwv ghqrwhg e| äc zkhuh d frqwudfw ä& 5 ä vshfl?hv

d qrq0qhjdwlyh zdjh sdlg iru hdfk rxwsxw ohyho= ç& iru 7+ dqg ç& iru +/ zlwk ç& è ç&1 Li ç&
lv odujhu wkdq ç&/ wkh frqwudfw lv d sd|0iru0shuirupdqfh frqwudfw/ rwkhuzlvh lw lv d vwudljkw

vdodu| frqwudfw1 Ixuwkhupruh/ xqohvv rwkhuzlvh qrwhg/ }hur prqlwrulqj frvwv duh dvvxphg>

wkdw lv/ ?upv fdq yhuli| rxwsxw dw qr frvw/ dqg zrunhuv* uhvhuydwlrq xwlolw| lv dvvxphg wr eh

}hur1 Wkh vxevfulsw w zloo eh rplwwhg zkhuh reylrxv1 D zrunhu*v xwlolw| iurp frpshqvdwlrq

ç lv LEçä/ zkhuh L
â
Eçä : fc L

ââ
Eçä ÷ f1 Khqfh/ d w0zrunhu*v h{shfwhg xwlolw| zkhq kh

dffhswv frqwudfw ä& lv jlyhq e|/8

T Eä& m wä ' wLEç&ä n E�ý wäLEç&ä1 +4,

Vlploduo|/ d ?up*v h{shfwhg sur?w iurp hpsor|lqj d w0zrunhu xqghu wkh frqwudfw ä& lv

jlyhq e|/

áEä& m wä ' wE7+ ý ç&ä n E�ý wäE+ ý ç&ä1 +5,

Wkh wlplqj ri ghflvlrqv dgrswhg khuh zdv vxjjhvwhg e| Khoozlj +4<;:, dqg lw lv dv iroorzv1

Dw Vwdjh 4/ ?upv duh v|pphwulfdoo| lqiruphg dqg vlpxowdqhrxvo| r>hu d phqx ri frqwudfwv

wkdw lqfoxghv hlwkhu d sd|0iru0shuirupdqfh ru vwudljkw vdodu| frqwudfw ru erwk iru wkh xs0

frplqj shulrg1 Dw Vwdjh 5 / diwhu r>huv kdyh ehhq pdgh/ hdfk zrunhu dssolhv wr d sduwlfxodu

8Qrwh wkdw/ lq wkh vsdfh ri shuirupdqfh0frqwlqjhqw zdjhv/ zrunhuv* lqgl>huhqfh fxuyhv vdwlvi| wkh Vshqfh0

Pluuohhv*v vlqjoh0furvvlqj surshuw|1 Lq rxu vhwwlqj/ wklv phdqv wkdw wkh h{wud zdjh wkdw pxvw eh sdlg iru

jrrg shuirupdqfh wr frpshqvdwh d zrunhu iru wkh ulvn wkdw d sd|0iru0shuirupdqfh frqwudfw lpsrvhv lv orzhu

iru kljk0delolw| zrunhuv1
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?up iru wkh xsfrplqj shulrg1 Lq wkh fdvh wkdw pruh wkdq rqh ?up r>huv wkh vdph frqwudfw/

zrunhuv fkrrvh udqgrpo| ehwzhhq ?upv1 Dw wkh wklug vwdjh/ Vwdjh 6/ diwhu hdfk zrunhu kdv

fkrvhq d frqwudfw dqg ?upv kdyh revhuyhg rwkhu ?upv* r>huv/ ?upv kdyh wkh rssruwxqlw| wr

hlwkhu dffhsw ru uhmhfw d zrunhu*v dssolfdwlrq1 \hw/ rqfh d zrunhu kdv djuhhg wr zrun iru d

sduwlfxodu ?up dqg kdv ehhq dffhswhg/ wkh whupv ri wkh djuhhphqw ehfrph elqglqj iru wkdw

shulrg1 Ilqdoo|/ rxwsxw lv uhdol}hg dqg frpshqvdwlrq wdnhv sodfh dv vshfl?hg lq wkh frqwudfw1

515 Wkh Htxloleulxp Frqfhsw

Wklv vhfwlrq eulh | h{sodlqv wkh htxloleulxp frqfhsw wkdw zloo eh xvhg dqg wkh lpsruwdqfh

ri wkh wlplqj dgrswhg1 Wkh uhdvrq ehlqj wkdw xqghu wkh vwdqgdug htxloleulxp frqfhswv dqg

wkh vwdqgdug wlplqj iru vfuhhqlqj jdphv9 wklv w|sh ri prgho jhqhudoo| kdyh sureohpv udqjlqj

iurp qrq0h{lvwhqfh ri htxloleulxp iru vrph sdudphwhuv ydoxh wr pxowlsoh htxloleuld iru vrph

rwkhuv1

Khoozlj +4<;:, dgghg wkh wklug vwdjh wr wkh wzr0vwdjh vfuhhqlqj jdph lq rughu wr vroyh

wkh frpshwlwlyh vfuhhqlqj jdphv* nqrzq qrq0h{lvwhqfh ri htxloleulxp sureohp1 Ehfdxvh wkh

odvw wzr vwdjhv plplf d vljqdolqj jdph/ krzhyhu/ Khoozlj*v wlplqj h>hfwlyho| wudghv wkh

sureohp ri qrq0h{lvwhqfh iru wkh sureohp ri pxowlsoh htxloleulxp1 Lq sduwlfxodu/ dv kdv ehhq

nqrzq vlqfh Fkr dqg Nuhsv +4<;:,/ vljqdolqj jdphv kdyh d sohwkrud ri Shuihfw Ed|hvldq

htxloleulxp +khuhdiwhu/ SEH, wkdw duh vxssruwhg e| xquhdvrqdeoh r>0wkh0htxloleulxp sdwk

eholhiv1 Lq wklv sdshu/ zh dgrsw d vljqdolqj htxloleulxp uh?qhphqw sursrvhg e| Pdlodwk hw

do1 +4<<6, wr holplqdwh htxloleuld wkdw duh edvhg rq xquhdvrqdeoh eholhiv1 Lq sduwlfxodu/ zh

zloo uhtxluh wkdw dq| SEH ri wkh vljqdolqj vxe0jdph +vwdjhv 5 dqg 6, pxvw eh xqghihdwhg

dprqj doo srvvleoh SEHv wkdw fdq dulvh iurp dq| ?uvw vwdjh frqwudfw r>huv1 Lq rxu prgho/ wklv

uh?qhphqw sodfhv wkh iroorzlqj uhvwulfwlrqv rq wkh r>0wkh0htxloleulxp sdwk eholhi ixqfwlrq1

9Wkh fodvvlf h{dpsoh ri wklv lv Urwkvfklog*v dqg Vwljolw}*v +4<:9, frpshwlwlyh lqvxudqfh prgho/ zklfk

lqfoxghv rqo| rxu vwdjh 4 dqg 51
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Frqvlghu d sursrvhg SEH dqg d jlyhq frqwudfw ä& wkdw lv qrw fkrvhq lq wklv htxloleulxp/

exw lw lv fkrvhq e| vrph w|shv ri zrunhuv lq dq dowhuqdwlyh SEH1 Ohw g eh wkh vhw ri

zrunhuv* w|shv wkdw fkrrvh ä& lq wkh dowhuqdwlyh htxloleulxp1 Li hdfk phpehu ri N suhihuv

wkh dowhuqdwlyh htxloleulxp wr wkh sursrvhg rqh/ zlwk vwulfw suhihuhqfh iru dw ohdvw rqh w|sh/

wkhq diwhu revhuylqj ä& wkh ?upv* eholhi wkdw d zrunhu lv ri kljk0delolw| jlyhq wkdw ä lv r>huhg

pxvw vdwlvi|

>
ý
w m ä&

ü
'

>EwäqEwä

>EwäqEwä n E�ý >EwääqEwä /

zlwk qEwä ' f iru doo w *5 gc dqg qEwä ' � iru doo w 5 g âc zkhuh g â ã g lv wkh vhw ri

zrunhuv* w|shv zkr vwulfwo| suhihu wkh dowhuqdwlyh SEH wr wkh sursrvhg rqh1:

Lqwxlwlyho|/ d sursrvhg SEH lv vdlg wr eh ghihdwhg e| dq dowhuqdwlyh SEH li wkhuh duh

ghyldwlrqv iurp wkh sursrvhg SEH zklfk duh sod|hg lq wkh dowhuqdwlyh SEH e| vrph zrunhuv

w|shv/ doo ri zkrp suhihu wkh dowhuqdwlyh htxloleulxp wr wkh sursrvhg rqh1

Zh dgrsw wkh xqghihdwhg htxloleulxp uh?qhphqw ryhu wkh Lqwxlwlyh Fulwhulrq dqg rwkhuv

ehfdxvh wkh htxloleulxp vhohfwhg e| wkh odwhu uhpdlqv xqfkdqjhg iru dq| srvlwlyh sursruwlrq

ri orz0delolw| zrunhuv/ wkh vlwxdwlrq lv txlwh gl>huhqw zkhq wkhuh lv qr orz0delolw| zrunhuv1

Wkhq frqwudfw fkrlfh vhuyhv qr vhsdudwlqj sxusrvh dqg wkh rqo| htxloleulxp ri lqwhuhvw lv

wkh rqh lq zklfk wkh zrunhuv +zkr duh doo kljk0delolw|, duh doo sdlg d vwudljkw vdodu| htxdo

wr wkhlu surgxfwlylw|1 Lw vhhpv xquhdvrqdeoh wkdw wkh rxwfrph ri d jdph zlwk 4 zrunhu lq

d ploolrq fkdqfh ri d orz0delolw| zrunhu gl>huv vljql?fdqwo| iurp d jdph lq zklfk wkhuh lv

qr fkdqfh ri vxfk d zrunhu1 Lw lv uhdvrqdeoh wr wklqn wkdw zh duh qrw fhuwdlq derxw wkh

glvwulexwlrqv ri w|sh/ wkhuhiruh/ wkh prgho dqg wkh htxloleulxp ri rxu prgho fdq eh xvhixo

rqo| li wkh suhglfwhg rxwfrph lv qrw ryhuo| vhqvlwlyh wr wkh ghvfulswlrq ri wkh hqylurqphqw1

:Wkh dsshqgl{ frqwdlqv d irupdo gh?qlwlrq ri Xqghihdwhg Shuihfw Ed|hvldq Htxloleulxp1

9



6 Wkh Dqdo|vlv

614 Wkh Ehqfkpdun

Iru wkh uhdghu lqwhuhvwhg lq wkh irupdo dqdo|vlv dqg wkh jdph0wkhruhwlf lvvxhv lqyroyhg/ wkh

dsshqglfhv surylgh irupdo vwdwhphqwv ri doo sursrvlwlrqv dqg/ xqohvv rwkhuzlvh qrwhg/ doo

surriv duh lq wkh dsshqglfhv1

Htxdwlrqv 4 dqg 5 whoo xv wkdw xqghu frpsohwh lqirupdwlrq/ doo frqwudfwv vkrxog eh vwudljkw

vdodu| frqwudfwv1 Li ç& zhuh gl>huhqw iurp ç&/ wkhq d uhgxfwlrq lq ç& zlwk wkh dssursuldwh

lqfuhdvh lq ç& zrxog vkliw vrph ri wkh ulvn ri wkh frqwudfw iurp d zrunhu wr dq hpsor|hu/

zklfk lv dgydqwdjhrxv ehfdxvh hpsor|huv duh ulvn qhxwudo/ dqg zrunhuv duh qrw1 Wkhuhiruh/ lq

htxloleulxp/ wkh frqwudfw r>huhg wr erwk/ kljk0 dqg orz0delolw| zrunhuv/ lv d vwudljkw vdodu|

frqwudfw/ dqg frpshwlwlrq dprqj hpsor|huv irufhv ?upv wr sd| hdfk w|sh khu h{shfwhg

rxwsxw1 Krzhyhu/ htxdwlrqv 4 dqg 5 dovr vxjjhvw wkdw xqghu lqfrpsohwh lqirupdwlrq/ wkh

gl>huhqfh ehwzhhq ç& dqg ç& pd| vhuyh dv d vruwlqj ghylfh1 Ehfdxvh kljk0delolw| zrunhuv

kdyh d kljkhu suredelolw| ri vxffhvv dq lqfuhdvh lq ç& lq uhwxuq iru d uhgxfwlrq lq ç& orzhuv

wkhlu h{shfwhg sd|r> ohvv wkdq lw orzhuv orz0delolw| zrunhuv* h{shfwhg sd|r>1 Wklv lqwxlwlrq

lv h{soruhg lq wkh iroorzlqj vxe0vhfwlrq1

615 Wkh Lqfrpsohwh Lqirupdwlrq Fdvh

Dv vxjjhvwhg deryh/ xqghu lqfrpsohwh lqirupdwlrq ?upv pd| r>hu dq rswlpdoo| fkrvhq sd|0

iru0shuirupdqfh frqwudfw wr wdnh dgydqwdjh ri kljk0delolw| zrunhuv* zloolqjqhvv wr dffhsw dq

lqfuhdvh lq ç lq uhwxuq iru d uhgxfwlrq lq ç wr uhyhdo wkhlu delolw|1 Lq wklv vhfwlrq lw lv vkrzq

wkdw iru fhuwdlq sdudphwhu ydoxhv wkhuh lv d xqltxh htxloleulxp lq zklfk vrph ?upv xvh sd|0

iru0shuirupdqfh dqg rwkhuv vwudljkw vdodulhv wr vruw zrunhuv rxw/ zkloh iru gl>huhqw sdudphwhu

ydoxhv wkhuh lv d xqltxh htxloleulxp lq zklfk doo ?upv r>hu wkh vdph sd|0iru0shuirupdqfh

:



frqwudfw dqg zrunhuv duh qrw vhsdudwhg rxw1

Lq wkh vhsdudwlqj htxloleulxp kljk0delolw| zrunhuv zrun iru d sd|0iru0shuirupdqfh ?up

dqg orz0delolw| zrunhuv zrun iru d vwudljkw vdodu| ?up1 Vlqfh shuihfw vruwlqj wdnhv sodfh/ frp0

shwlwlrq irufhv hpsor|huv wr sd| hdfk delolw| w|sh khu h{shfwhg rxwsxw dqg/ wkhuhiruh/ kljk0

delolw| zrunhuv* h{shfwhg frpshqvdwlrq lv vwulfwo| kljkhu wkdq orz0delolw| zrunhuv* h{shfwhg

frpshqvdwlrq1 Iru kljk0delolw| zrunhuv/ wklv shuihfw vruwlqj kdv wkh dgydqwdjh wkdw wkh| gr

qrw vxevlgl}h orz0delolw| zrunhuv1 Wkh glvdgydqwdjh/ krzhyhu/ lv wkdw sd|0iru0shuirupdqfh

frqwudfwv lpsrvhv ulvn/ zklfk xqghu frpsohwh lqirupdwlrq wkh hpsor|huv zrxog ehdu1

Lq wkh srrolqj htxloleulxp doo ?upv r>hu wkh vdph sd|0iru0shuirupdqfh frqwudfw wr kljk0

dqg orz0delolw| zrunhuv1 Vlqfh vruwlqj grhv qrw wdnh sodfh kljk0delolw| zrunhuv vxevlgl}h orz0

delolw| zrunhuv dqg frpshwlwlrq irufhv ?upv wr r>hu wkh frqwudfw wkdw kljk0delolw| zrunhuv

suhihu wkh prvw dprqj doo srwhqwldo frqwudfwv wkdw euhdn hyhq rq wkh srsxodwlrq dyhudjh

suredelolw| ri vxffhvv/ ew ' >w n E� ý >äw1 Wkhuh duh wzr wklqjv wr qrwh khuh1 Iluvw/ hyhq

li erwk w|shv duh r>huhg wkh vdph frqwudfw/ kljk0delolw| zrunhuv kdyh d kljkhu h{shfwhg

frpshqvdwlrq1 Wkh uhdvrq ehlqj wkdw wkh| kdyh d odujhu suredelolw| ri vxffhvv dqg/ wkhuhiruh/

duh pruh olnho| wr ehqh?w iurp wkh kljkhu frpshqvdwlrq wkdw d sd|0iru0shuirupdqfh frqwudfw

dwwdfkhv wr d kljk rxwsxw uhdol}dwlrq1 Vhfrqg/ wkh ulvn lpsrvhg e| wkh sd|0iru0shuirupdqfh

frqwudfw lq wkh srrolqj htxloleulxp lv orzhu wkdq wkh rqh lpsrvhg e| wkh sd|0iru0shuirupdqfh

frqwudfw lq wkh vhsdudwlqj htxloleulxp1 Wkh uhdvrq ehlqj wkdw lq wkh vhsdudwlqj htxloleulxp

hqrxjk ulvn pxvw eh lpsrvhg wr glvfrxudjh orz0delolw| zrunhuv iurp plplfnlqj kljk0delolw|

zrunhuv/ zkloh lq wkh srrolqj htxloleulxp rqo| d vpdoo dprxqw ri ulvn lv lpsrvhg wr uhgxfh

wkh vxevlg| iurp kljk0delolw| zrunhuv wr orz0delolw| zrunhuv1;

;Wr ehwwhu xqghuvwdqg wkh qdwxuh ri wkh srrolqj frqwudfw zh qhhg ?uvw wr xqghuvwdqg wkh frvw ri srrolqj

doo zrunhuv xqghu d vwudljkw0vdodu|/ z1 Qrwh/ ?uvw/ wkdw frpshwlwlrq lpsolhv wkdw z pxvw eh vxfk wkdw ?upv

euhdn hyhq dw wkh srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ eë/ dqg dw z/ erwk/ kljk0 dqg orz0delolw| zrunhuv*

h{shfwhg zdjh lv wkh vdph1 Wklv wudqvodwhv lqwr kljk0delolw| zrunhuv jlylqj d vxevlg| wr orz0delolw| zrunhuv

htxlydohqw wr wkh gl>huhqfh ehwzhhq z dqg orz0delolw| zrunhuv* h{shfwhg rxwsxw1 Zkdw li ?upv r>hu d

;



Lq wkh srrolqj htxloleulxp wkh pdlq frvw iru kljk0delolw| zrunhuv lv wkdw wkh| vxevlgl}h

orz0delolw| zrunhuv/ zkloh lq wkh vhsdudwlqj htxloleulxp wkh pdlq frvw lv wkdw wkh| idfh wrr

pxfk ulvn1 Wklv frvw ri vruwlqj zloo h{fhhg wkh ehqh?w li wkh srsxodwlrq vkduh/ >/ ri kljk0

delolw| zrunhuv lv odujh hqrxjk vr wkdw wkh srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ ew/ lv
forvh hqrxjk wr w ehfdxvh wkhq wkh frvw ri vxevlgl}lqj orz0delolw| zrunhuv lv vpdoo1 Li wklv lv

wkh fdvh/ erwk/ kljk0 dqg orz0delolw| zrunhuv rewdlq d odujhu h{shfwhg sd|r> zkhq vruwlqj

lv qrw dwwhpswhg1 Khqfh/ zkhq ew lv forvh hqrxjk wr wc l1h1/ zkhq wkh srsxodwlrq vkduh ri

kljk0delolw| zrunhuv lv odujhu wkdq d wkuhvkrog ì>/ lq htxloleulxp frpshwlwlrq irufhv ?upv wr

r>hu wkh sd|0iru0shuirupdqfh frqwudfw wkdw kljk0delolw| zrunhuv suhihu wkh prvw dprqj doo

wkrvh frqwudfwv wkdw euhdn hyhq rq wkh srsxodwlrq dyhudjh/ dqg wklv frqwudfw lv dffhswhg e|

doo zrunhuv1

Irupdoo|/ lq d vhsdudwlqj htxloleulxp ?upv pd{lpl}h kljk0delolw| zrunhuv* h{shfwhg sd|r>

vxemhfw wr= kljk0 dqg orz0delolw| zrunhuv* lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ EUäwä dqg

EUäwä/ uhvshfwlyho|> orz0delolw| zrunhuv* sduwlflsdwlrq frqvwudlqw/ EU-wä> dqg d }hur h{shfwhg

sur?w frqvwudlqw lq hdfk frqwudfw r>huhg/ E~åwä dqg E~åwä/ uhvshfwlyho|1 Zh zloo gh?qh wkh

frqwudfwv är
w
ì Eçr

w
c çr

w
ä dqg ärw ì Eçrwc ç

r
wä dv wkh vroxwlrq wr wkh iroorzlqj surjudp/

4@ 
tçrw cçrwåww

wLEçr
w
ä n E�ý wäLEçr

w
ä +å7,

vxemhfw wr

frqwudfw zlwk d voljkw dprxqw ri ulvnB Orz0delolw| zrunhuv* h{shfwhg zdjh zrxog eh vpdoohu wkdq z ehfdxvh

wkh| kdyh d orzhu suredelolw| ri vxffhvv wkdq wkh dyhudjh zrunhu/ zkloh kljk0delolw| zrunhuv* h{shfwhg zdjh

zrxog eh odujhu ehfdxvh wkh| kdyh d odujhu suredelolw| ri vxffhvv wkdq wkh dyhudjh zrunhu1 Wkhuhiruh/ wkh

vxevlg| zrxog eh vpdoohu uhodwlyh wr wkh rqh xqghu wkh vwudljkw vdodu| frqwudfw/ z1 Ehfdxvh zrunhuv duh ulvn

dyhuvh/ wkh ulvn lpsrvhg pxvw eh vpdoo vr wkdw wkh jdlqv iurp wkh vxevlg| uhgxfwlrq duh qrw rxwzhljkhg e|

wkh frvw wkdw ulvn lpsrvhv rq ulvn dyhuvh zrunhuv1

<



wLEçrwä n E�ý wäLEçrwä è wLEçrwä n E�ý wäLEçr
w
äc +Uäw,

wLEçr
w
ä n E�ý wäLEçr

w
ä è wLEçrwä n E�ý wäLEçrwäc +Uäw,

wLEçrwä n E�ý wäLEçrwä è f iru w 5 õwc wô c +U-w,

wçrw n E�ý wäçrw 8 + Ewä iru w 5 õwc wô é +~åw,

Lq wkh dsshqgl{/ lw lv vkrzq irupdoo| wkdw wkh rswlpdo frqwudfw ärw lv vxfk wkdw çrw '

çrw ' +Ewä/ dqg är
w
lv vxfk wkdw çr

w
: çr

w
dqg wçr

w
n E� ý wäçr

w
' +Ewä1 Krzhyhu/ lw fdq eh

hdvlo| vhhq e| dgglqj wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv wkdw d qhfhvvdu| frqglwlrq iru d

vhsdudwlqj htxloleulxp wr h{lvw lv wkdw LEçr
w
äýLEçr

w
ä è LEçrwäýLEçrwäé Wkdw lv/ wkh frqwudfw

wdloruhg wr kljk0delolw| zrunhuv r>hu dw ohdvw dv pxfk sd|0iru0shuirupdqfh dv wkh frqwudfw

wdloruhg wr orz0delolw| zrunhuv1 Khqfh/ li lw lv rswlpdo wr sd| d vwudljkw vdodu| wr d orz0delolw|

zrunhu/ wkh frqwudfw r>huhg wr kljk0delolw| zrunhuv kdv wr lqyroyh sd|0iru0shuirupdqfh

Vlploduo|/ lq d srrolqj htxloleulxp ?upv pd{lpl}h kljk0delolw| zrunhuv* h{shfwhg sd|r>

vxemhfw wr orz0delolw| zrunhuv* sduwlflsdwlrq frqvwudlqw/ EU-wä/ dqg d }hur h{shfwhg sur?w

frqvwudlqw zkhq hydoxdwhg dw wkh srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ ew1 Zh zloo gh?qh

wkh frqwudfw äR ì EçRc çRä dv wkh vroxwlrq wr wkh iroorzlqj surjudp/

4@ 
tçRcçRå

wLEçRä n E�ý wäLEçRä +åå ,

vxemhfw wr

wLEçRä n E�ý wäLEçRä è LEfäc +U-w,
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ewçR n E�ý ewäçR 8 >+Ewä n E�ý >ä + Ewä é +~åew,
Lq wkh dsshqgl{/ lw lv vkrzq irupdoo| wkdw wkh rswlpdo frqwudfw äR lv vxfk wkdw çR : çR

dqg ewçR n E�ý ewäçR ' >+Ewä n E�ý >ä + Ewä1
Ehiruh vwdwlqj wkh pdlq uhvxow ri wklv vhfwlrq lq d sursrvlwlrq/ zh zloo gh?qh wkh srsxodwlrq

vkduh ri kljk0delolw| zrunhuv/ h>/ dv wkh vkduh ri kljk0delolw| zrunhuv iru zklfk wkh vroxwlrq

wr åå ohdyhv d kljk0delolw| zrunhu dw ohdvw dv zhoo r> dv vkh zrxog eh xqghu wkh frqwudfw

är
w
dqg ohdyhv d orz0delolw| zrunhu ehwwhu r> wkdq xqghu ärw 1 Lw wdnhv vhyhudo vwhsv ri vlpsoh

dojheud wr vkrz h> ' �

�n wE�3wä
�w -

/ zkhuh 7w ' wýw dqg - ' L âEçrwäd
�

L âEçr
w
ä
ý �

L âEçr
w
ä
o è f1 Jlyhq

wklv wkh iroorzlqj uhvxow lv irupdoo| vkrzq lq wkh dsshqgl{1

Sursrvlwlrq 4 +l, Li > 8 h>/ wkhq ?upv r>hu d vwudljkw0vdodu| frqwudfw zlwk çrw ' + Ewä dqg
wkh sd|0iru0shuirupdqfh frqwudfw

ý
çr
w
c çr

w

ü
/ zlwk wçr

w
n E�ý wäçr

w
' +

ý
w
ü
> dqg +ll, li > : h>c

wkhq ?upv r>hu wkh sd|0iru0shuirupdqfh frqwudfw EçRc çRä/ zlwk ewçR n E� ý ewäçR ' +
íewì

dqg erwk w|shv ri zrunhuv sduwlflsdwh1

Wkh iroorzlqj fruroodu| iroorzv lpphgldwho| iurp sursrvlwlrq 4é

Fruroodu| 4 çr
w
ý çr

w
: çR ý çR : çrw ý çrw ' fé

Wklv fruroodu| vwdwhv wkdw wkh sd|0iru0shuirupdqfh vhqvlwlylw| lv odujhu zkhq vruwlqj lv

dfklhyhg1 Wkh lqwxlwlrq lv vwudljkwiruzdug1 Wkh sd|0iru0shuirupdqfh vhqvlwlylw| qhhgv wr

eh odujhu lq vhsdudwlqj htxloleulxp vlqfh orz0delolw| zrunhuv pxvw eh vwrsshg iurp plplfn0

lqj kljk0delolw| zrunhuv dqg kljk0delolw| zrunhuv* sd|r> lq d srrolqj htxloleulxp pxvw eh

odujhu wkdq lq wkh vhsdudwlqj htxloleulxp1 Jlyhq wkdw lq d srrolqj htxloleulxp d kljk0delolw|

zrunhu*v h{shfwhg frpshqvdwlrq lv orzhu wkdq lq d vhsdudwlqj htxloleulxp/ wkh rqo| zd| wkdw

klv sd|r> lv odujhu lv e| phdq ri d orzhu sd|0iru0shuirupdqfh vhqvlwlylw|1
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Lw lv zruwkzkloh wr frpphqw rq wkh urexvwqhvv ri wklv uhvxow wr pruh wkdq wzr w|shv1 Lw lv

hdv| wr h{whqg wkh dqdo|vlv wr pruh wkdq wzr delolw| w|shv1 Li zh uhvwulfw rxuvhoyhv wr hlwkhu

sxuh vhsdudwlqj ru sxuh srrolqj htxloleulxp rqo|/ zlwk pruh wkdq wzr w|shv wkh dqdo|vlv

|lhogv wkh iroorzlqj1 Lq wkh vhsdudwlqj htxloleulxp rqo| wkh orzhvw0delolw| w|sh uhfhlyhv d

vwudljkw vdodu|/ zkloh doo rwkhu delolw| w|shv duh sdlg sd|0iru0shuirupdqfh1 Ehfdxvh ri wkh

vlqjoh0furvvlqj surshuw|/ wkh zdjh vsuhdg/ çrw ý çrwc lv lqfuhdvlqj lq zrunhuv* delolw|> wkdw

lv/ iru dq| wzr zrunhuv ri delolw| w dqg wâ zlwk w : wâ wkh zdjh vsuhdg çrw ý çrw iurp wkh

frqwudfw wdloruhg wr d w0zrunhu lv odujhu wkdq wkh zdjh vsuhdg çrwâ ý çrwâ iurp wkh frqwudfw

wdloruhg wr d wâ0zrunhu1 Wklv uhdglo| iroorzv iurp wkh vxp ri d w0zrunhu dqg d wâ0zrunhu*v

lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ zklfk uhvxowv lq wkdw LEçrwäýLEçrwä è LEçrwâäýLEçrwâä
pxvw eh vdwlv?hg1 Lq wkh srrolqj htxloleulxp doo ?upv r>hu wkh vdph sd|0iru0shuirupdqfh

frqwudfw dqg zrunhuv duh lqgl>huhqw dprqj ?upv1 Wkh sd|0iru0shuirupdqfh frqwudfw r>huhg

lq htxloleulxp lv wkh rqh wkdw wkh kljkhvw0delolw| zrunhuv suhihu wkh prvw dprqj doo wkrvh

frqwudfwv wkdw euhdn hyhq rq wkh srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ dqg lv dffhswhg

e| doo zrunhuv1 Dv lq wkh wzr w|sh fdvh/ d xqltxh srrolqj htxloleulxp h{lvwv zkhq hdfk

zrunhu*v delolw| w|sh suhihuv wkh srrolqj htxloleulxp wr wkh vhsdudwlqj htxloleulxp/ zlwk

vwulfw suhihuhqfhv iru dw ohdvw rqh zrunhu*v w|sh1 Uhvxowv/ wkhuhiruh/ vlplodu wr wkh rqhv lq

sursrvlwlrq 4 krog hyhq zlwk pruh wkdq wzr delolw| w|shv1 Zkhuhdv zkhq sduwldo srrolqj lv

doorzhg/ lw lv hdv| wr vkrz wkdw sduwldo srrolqj pd| eh dq htxloleulxp1 Vxssrvh/ iru lqvwdqfh/

wkdw wkhuh duh ô w|shv/ ghqrwhg e| w?/ zlwk w� ÷ w2 ÷ wô dqg sursruwlrqv >�c >2 dqg >ô1

Wkhq/ li >2 lv vx!flhqwo| odujh dqg >ô lv vx!flhqwo| vpdoo/ lq htxloleulxp doo zrunhuv zlwk

dq delolw| htxdo wr ru orzhu wkdq w2 duh srrohg xqghu wkh sd|0iru0shuirupdqfh frqwudfw wkdw

pd{lpl}hv d w20zrunhu*v h{shfwhg sd|r> vxemhfw wr wkdw ?upv euhdn hyhq/ zkloh d wô0zrunhu

lv r>huhg d gl>huhqw sd|0iru0shuirupdqfh frqwudfw vdwlvi|lqj çrô ý çrô : çR ý çR1
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7 H{whqvlrqv

714 Prqlwrulqj

Rqh ri wkh pdlq sureohpv ri lpsohphqwlqj d sd|0iru0shuirupdqfh frqwudfw dv wkh rqh lp0

sohphqwhg lq wkh vhfwlrq deryh lv wkh h{lvwhqfh ri d jrrg prqlwrulqj v|vwhp deoh wr |lhog d

fruuhfw shuirupdqfh phdvxuh1 Lq jhqhudo/ krzhyhu/ prvw prqlwrulqj v|vwhpv duh lpshuihfw

dqg phdvxuh rxwsxw zlwk huuru1 Lq wklv vhfwlrq/ wkhq zh dqdo|}h wkh vdph sureohp vwxglhg

deryh/ exw dvvxplqj wkdw wkh prqlwrulqj whfkqrorj| dydlodeoh doorzv ?upv wr fkrrvh wkh

prqlwrulqj suhflvlrq1

Vr idu zh kdyh dvvxphg wkdw prqlwrulqj lv shuihfw dqg frvwohvv/ zkloh lq wklv vhfwlrq lw

lv dvvxphg wkdw rxwsxw lv fruuhfwo| revhuyhg zlwk suredelolw| R/ R 5 d�
2
c �oc dqg lqfruuhfwo|

zlwk suredelolw| �ý R> l1h> R lv wkh prqlwrulqj suhflvlrq1 Wkh frvw ri phdvxulqj rxwsxw zlwk
suhflvlrq R lv jlyhq e| òä ERä/ zkhuh ò fdswxuhv wkh prqlwrulqj gl!fxow| dqg wkh iroorzlqj

dvvxpswlrq frqfhuqlqj ä Eüä lv pdgh1

î Dvvxpswlrq= +l, ä
ý
�
2

ü è f dqg ä E�ä ÷4> +ll, ä â ERä : f dqg ä ââ ERä è f1

Zh dovr dvvxph wkdw ?upv fdq frpplw wr d ohyho ri prqlwrulqj lqwhqvlw| R wkdw lv sduw

ri wkh frqwudfw1 Wkxv/ R lv nqrzq wr wkh zrunhu dw wkh wlph wr vljq d frqwudfw1 Wkh wlplqj

lv wkh vdph dv ehiruh/ exw qrz d frqwudfw vshfl?hv qrw rqo| d zdjh ç wr eh sdlg zkhq wkh

phdvxuhg rxwsxw lv kljk dqg d zdjh ç wr eh sdlg zkhq wkh phdvxuhg rxwsxw lv orz/ exw dovr

d prqlwrulqj lqwhqvlw| R1

Ghqrwlqj e| ÷+ wkh revhuyhg rxwsxw/ d w0zrunhu*v suredelolw| ri vxffhvv/ jlyhq prqlwru0

lqj suhflvlrq R/ lv Rw n E�ý Rä E�ý wä dqg lv ghqrwhg e| w ERä é Qrwlfh wkdw wkh ?uvw whup

fruuhvsrqgv wr wkh suredelolw| wkdw d w0zrunhu surgxfhv wkh kljk rxwsxw dqg wklv lv phd0

vxuhg fruuhfwo|/ zkloh wkh vhfrqg whup fruuhvsrqgv wr wkh suredelolw| wkdw wkh orz rxwsxw lv

46



surgxfhg dqg wklv lv phdvxuhg lqfruuhfwo|> wkdw lv/ lv phdvxuhg dv kljk0rxwsxw1<

Qrwlfh wkdw xqghu wklv prqlwrulqj whfkqrorj| d w0zrunhu*v suredelolw| ri vxffhvv lv odujhu

wkdq wkh wuxh suredelolw| ri vxffhvv zkhq w : �
2
c zkloh lw lv vpdoohu zkhq w é �

2
1 Wkxv/

dq lqfuhdvh lq wkh prqlwrulqj suhflvlrq lqfuhdvhv d w0zrunhu*v suredelolw| ri vxffhvv zkhq

w é �
2
dqg ghfuhdvhv lw zkhq w : �

2
1 Ixuwkhupruh/ wkh suredelolw| ri vxffhvv iru d w0zrunhu

lqfuhdvhv pruh zlwk R dqg lv odujhu wkdq wkh suredelolw| ri vxffhvv iru d w0zrunhu iru dq| R : �
2
1

Whfkqlfdoo|/ wkh prqlwrulqj whfkqrorj| dvvxphg jxdudqwhhv wkdw wkh vlqjoh0furvvlqj surshuw|

krogv iru dq| R : �
2
dqg wkhuhiruh vruwlqj lv srvvleoh1 Ilqdoo|/ zkhq R ' �

2
/ zklfk uhsuhvhqwv qr

prqlwrulqj/ wkh vljqdo lv frpsohwho| xqlqirupdwlyh ehfdxvh/ uhjdugohvv ri d zrunhu*v delolw|/

wkh suredelolw| ri vxffhvv lv wkh vdph iru erwk/ kljk0 dqg orz0delolw| zrunhuv1 Wklv lpsolhv

wkdw zkloh kljk0delolw| zrunhuv duh pruh olnho| wr surgxfh wkh kljk rxwsxw/ erwk w|shv ri

zrunhuv duh htxdoo| olnho| wr ehqh?w iurp d kljk zdjh dwwdfkhg wr d kljk0rxwsxw phdvxuh1

Wkhuhiruh/ zrunhuv fdqqrw eh vruwhg rxw e| phdq ri d sd|0iru0shuirupdqfh frqwudfw1

Qh{w qrwlfh wkdw lq dq| vhsdudwlqj htxloleulxp orz0delolw| zrunhuv jhw dw ohdvw d sd|r>

htxdo wr L E+ Ewää1 Wkh uhdvrq ehlqj wkdw zkhq ?upv r>hu d frqwudfw wkdw |lhogv dq h{shfwhg

sd|r> wL Eçä n E�ý wäL Eçä orzhu wkdq L E+ Ewää/ wkhuh lv d ?up wkdw kdv dq lqfhqwlyh wr

ghyldwh r>hulqj d ?{hg0zdjh frqwudfw wkdw sd|v + Ewä ý 01 Iru lw dwwudfwv doo orz0delolw|

zrunhuv dqg pdnh srvlwlyh sur?wv143

Jlyhq wklv/ frqvlghu wkh iroorzlqj frqwudfw

Eçr6w c ç
r6
w c Rwä ì @h}4@ w ERwäLEç

r6
w
ä n E�ý w ERwääLEçr6w ä +�7å ,

<Lw dovr zruwkzkloh wr uhpdun wkdw li s @ 4 dqg ð @ 3/ wkhq wkh prgho lv dv wkh qr0prqlwrulqj prgho1

Wkxv/ wkh qr0prqlwrulqj prgho fruuhvsrqgv wr wkh vshfldo fdvh ri wkh prqlwrulqj prgho lq zklfk prqlwrulqj

lv shuihfw dqg frvwohvv1
43Irupdoo|/ wkh surri lv h{dfwo| dv wkh surri ri ohppd 7 lq wkh dsshqgl{1
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vxemhfw wr

w ERwäLEç
r6
w ä n E�ý w ERwääLEçr6w ä è w ERwäLEçr6w ä n E�ý w ERwääLEçr6w äc +�Uäw,

w ERwäLEç
r6
w
ä n E�ý w ERwääLEçr6w ä è w ERwäLEçr6w ä n E�ý w ERwääLEçr6w ä/ +�Uäw,

w ERäL Eçr6w ä n E�ý w ERääL Eçr6w ä è f +�U-w,

w ERäçr6w n E�ý w ERääçr6w é + Ewäý òä ERä é +�~åw,

Dv lq wkh prgho zlwk shuihfw dqg frvwohvv prqlwrulqj/ lw uhdglo| iroorzv iurp wkh vxp

ri �Uäw dqg �Uäw wkdw d qhfhvvdu| frqglwlrq wr vwrs d orz0delolw| zrunhu iurp plp0

lfnlqj d kljk0delolw| zrunhu lv wkdw LEçr6
w
ä ý LEçr6

w
ä è LEçr6w ä ý LEçr6w ä> wkdw lv/ wkh

frqwudfw wdloruhg wr d kljk0delolw| zrunhu pxvw lqyroyh pruh ulvn wkdq wkh frqwudfw wdloruhg

wr d orz0delolw| zrunhu1 Wklv frxsohg zlwk wkh idfw wkdw frpshwlwlrq irufhv ?upv wr r>hu

orz0delolw| zrunhuv dq h{shfwhg sd|r> dw ohdvw dv odujh dv L E+ Ewää lpsolhv wkdw lq d vhs0

dudwlqj htxloleulxp wzr frqwudfwv duh r>huhg/ d vwudljkw0vdodu| rqh wkdw sd|v + Ewä dqg d

sd|0iru0shuirupdqfh frqwudfw wkdw vdwlv?hv �Uäw dqg �~åw zlwk htxdolw|1 Jlyhq wkdw lq

d vhsdudwlqj htxloleulxp orz0delolw| zrunhuv duh r>huhg d vwudljkw0vdodu| frqwudfw/ wkhuh lv qr

ehqh?w iurp lqyhvwlqj lq prqlwrulqj> wkdw lv/ Rw ' �
2
1 Dovr/ qrwlfh wkdw vhsdudwlrq uhtxluhv

wkdw Rw :
�
2
/ rwkhuzlvh dq| frqwudfw wkdw |lhogv kljk0delolw| zrunhuv d sd|r> odujhu wkdq

L E+ Ewää/ lw dovr |lhogv orz0delolw| zrunhuv d sd|r> odujhu wkdq L E+ Ewää é Wkxv/ �Uäw lv

ylrodwhg1 Wkh uhdvrq ehlqj wkdw zkhq Rw '
�
2
c kljk0 dqg orz0delolw| zrunhu*v suredelolw| ri

vxffhvv lv wkh vdph1
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Frqvlghu qh{w wkh fdvh lq zklfk ?upv* phqxv kdyh rqo| rqh frqwudfw dqg gh?qh wkh

frqwudfw äR6 ì EçR6c çR6c RRä dv wkh vroxwlrq wr

EçR6c çR6c RRä ì @h}4@ w ERäLEçR6ä n E�ý w ERääLEçR6ä +�åå ,

vxemhfw wr

w ERäLEçR6ä n E�ý w ERääLEçR6ä è f/ +�U-w,

÷w ERäçR6 n E�ý ÷w ERääçR6 é >+ ýwün E�ý >ä + Ewäý òä ERä / +�~åø,

zkhuh ÷w ERä ' R
ý
>w n E�ý >ä wün E�ý Rä ý�ý >w ý E�ý >ä wü é

Qrwlfh wkdw dv orqj dv RR : �
2
/ wkh frqwudfw wkdw vroyhv wklv surjudp lv d sd|0iru0

shuirupdqfh frqwudfw/ zkloh li RR ' �
2
c wkh frqwudfw wkdw vroyhv wklv surjudp lv d vwudljkw0

vdodu| frqwudfw1 Wkh uhdvrq ehlqj wkdw dw R ' �
2
c wkh dyhudjh suredelolw| ri vxffhvv ÷w ERä lv

wkh vdph dv kljk0delolw| zrunhuv* suredelolw| ri vxffhvv1 Dv h{shfwhg/ lq wkh dsshqgl{ lw lv

vkrzq wkdw li wkh prqlwrulqj gl!fxow| lv qrw wrr odujh/ ò é òRc wkh frqwudfw lqyroyhv sd|0iru0
shuirupdqfh dqg srvlwlyh prqlwrulqj/ zkloh li ò : òRc wkh frqwudfw lqyroyhv qr prqlwrulqj

dqg d vwudljkw0vdodu|1 Wkh uhdvrq ehlqj wkdw wkh ghfuhdvh lq wkh vxevlg| iurp kljk0delolw|

zrunhuv wr orz0delolw| zrunhuv wkdw uhvxowv iurp d sd|0iru0shuirupdqfh frqwudfw lv rxwzhljkhg

e| wkh frvw ri phdvxulqj rxwsxw zlwk d srvlwlyh suhflvlrq1

Zh gh?qh wkh srsxodwlrq vkduh ri kljk0delolw| zrunhuv h> Eòä/ dv wkh vkduh ri kljk0delolw|
zrunhuv iru zklfk wkh vroxwlrq wr �åå ohdyhv d kljk0delolw| zrunhu dw ohdvw dv zhoo r> dv

vkh zrxog eh xqghu wkh frqwudfw är6
w

dqg ohdyhv d orz0delolw| zrunhu ehwwhu0r> wkdq xqghu

är6w 144 Wkhq/ wkh glvfxvvlrq xs wr khuh fdq eh vxppdul}hg lq wkh qh{w sursrvlwlrq1

44Lw wdnhv vhyhudo vwhsv ri vlpsoh dojheud wr vkrz wkdw hç +ð, @ 4

4.
ë+së,+4ýë+së,,
7ë+4ý5së,

U+së,
/ zkhuh U +ð, @

X 3+zvpë ,^ 4
X 3+zvp

ë
, ý 4

X 3+zvp
ë
, ` è 31
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Sursrvlwlrq 5 +l, Li > 8 h> Eòä/ ?upv r>hu d vwudljkw0vdodu| frqwudfw zlwk çrw ' + Ewä dqg

Rw '
�
2
dqg wkh sd|0iru0shuirupdqfh frqwudfw

ý
çr
w
c çr

w
c Rw
ü
/ zlwk w ERwäç

r
w
n E� ý w ERwääçrw '

+
ý
w
ü ý òä ERwä dqg Rw :

�
2
1 Orz0delolw| zrunhuv fkrrvh wkh vwudljkw0vdodu| frqwudfw/ zkloh

kljk0delolw| zrunhuv fkrrvh wkh sd|0iru0shuirupdqfh frqwudfw> +ll, li > : h> Eòä dqg ò é òR/
?upv r>hu wkh sd|0iru0shuirupdqfh frqwudfw EçRc çRc RRä/ zlwk ew ERRäçR n E� ý ew ERRääçR '

+
íew ERRäìý òä ERRä dqg RR : �

2
dqg erwk w|shv ri zrunhuv sduwlflsdwh> dqg +lll, li > : h> Eòä

dqg ò : òR/ ?upv r>hu wkh vwudljkw0vdodu| frqwudfw/ zlwk çR ' çR ' +
íewì dqg RR ' �

2
dqg

erwk w|shv ri zrunhuv sduwlflsdwh

Lq vkruw wklv sursrvlwlrq vwdwhv wkdw dv orqj dv wkh prqlwrulqj gl!fxow| lv qrw wrr odujh/

uhvxowv vlplodu wr wkh rqhv lq sursrvlwlrq 4 krog xqghu lpshuihfw dqg frvwo| prqlwrulqj1

Lq idfw/ lw fdq eh vkrzq wkdw sursrvlwlrq 4 fruuhvsrqgv wr wkh vshfldo fdvh lq zklfk ò '

f vlqfh Rw dqg RR jrhv wr � dqg wkhuhiruh w E�ä ' w dqg w E�ä ' w1 Zkhuhdv zkhq wkh

prqlwrulqj gl!fxow| lv odujh/ d qhz htxloleulxp dulvhv/ zklfk lqyroyhv wr sd| doo zrunhuv

vwudljkw vdodulhv1 Wkxv/ wkh prgho zlwk prqlwrulqj suhglfwv wkdw rqo| sd|0iru0shuirupdqfh

frqwudfwv vkrxog eh revhuyhg zkhq wkh prqlwrulqj gl!fxow| lv vpdoo dqg wkh sursruwlrq ri

kljk0delolw| zrunhuv lv odujh> rqo| vwudljkw vdodulhv vkrxog eh revhuyhg zkhq wkh prqlwrulqj

gl!fxow| dqg wkh sursruwlrq ri kljk0delolw| zrunhuv duh odujh> dqg wkdw sd|0iru0shuirupdqfh

dqg vwudljkw vdodulhv vkrxog frh{lvw zkhq wkh sursruwlrq ri kljk0delolw| zrunhuv lv vpdoo1

Ixuwkhupruh/ wkh prgho suhglfwv wkdw lw lv rswlpdo/ iru fhuwdlq sdudphwhu ydoxhv/ wr

prqlwru zrunhuv dqg wkdw wr vruw zrunhuv rxw lv erwk/ sd|0iru0shuirupdqfh dqg prqlwrulqj

vkrxog wdnh sodfh1 Wkxv/ prqlwrulqj dqg sd|0iru0shuirupdqfh duh frpsohphqwv ghylfhv wr

dfklhyh shuihfw vruwlqj1

Wkh sdshu forvhvw wr rxuv lv Od}hdu +4<;9,1 Edvlfdoo|/ kh vwxglhv slhfh0udwhv dqg vwudljkw

vdodulhv lq ydulhw| ri gl>huhqw vhwwlqjv1 Wkh vhfwlrq ri Od}hdu*v sdshu wkdw dvvxphv dv zh gr

wkdw zrunhuv nqrz wkhlu rzq delolw| dqg ?upv gr qrw/ vkrzv wkdw xqghu shuihfw dqg h{rjh0
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qrxv/ exw frvwo| prqlwrulqj ri rxwsxw orz0delolw| zrunhuv vhohfw vwudljkw0vdodu| ?upv/ zkloh

kljk0delolw| zrunhuv vhohfw slhfh0udwh ?upv1 Lq Od}hdu*v sdshu/ wkh slhfh0udwh dqg vwudljkw

vdodu| duh vhw wr vdwlvi| d }hur sur?w frqglwlrq dqg kh vwdwhv wkdw xqghu wklv dvvxpswlrq

klv prgho lpsolhv wkdw d vwudljkw0vdodu| ?up dozd|v h{lvwv ehfdxvh lw zloo dozd|v eh deoh wr

dwwudfw vrph zrunhuv145

Zh vkduh wkh vruwlqj uhvxow zlwk Od}hdu/ dqg vr rxu prgho fdq eh vhhq dv frpsohphqwdu|

wr klv1 Krzhyhu/ zh gr qrw qhhg srvlwlyh prqlwrulqj frvwv iru wklv uhvxow dqg zh h{solflwo|

prgho ?upv dv sur?w pd{lpl}huv dqg vkrz wkdw rqo| xqghu fhuwdlq frqglwlrqv erwk frp0

shqvdwlrqv phwkrgv frh{lvw1 Frqwudu| wr Od}hdu*v sdshu/ zh vkrz wkdw klv uhvxow wkdw d

vwudljkw0vdodu| ?up dozd|v h{lvwv lv qrw urexvw wr sur?w pd{lpl}lqj ?upv zkhq wkh sursru0

wlrq ri kljk0delolw| zrunhuv lv odujh dqg wkh prqlwrulqj gl!fxow| lv qrw wrr odujh ehfdxvh

lq wkdw fdvh rqo| sd|0iru0shuirupdqfh ?upv duh revhuyhg1 Wkxv/ zh vkrz wkdw wkh h{lv0

whqfh ri srvlwlyh prqlwrulqj frvwv lv qhlwkhu qhfhvvdu| qru vx!flhqw iru wkh fr0h{lvwhqfh ri

sd|0iru0shuirupdqfh dqg vwudljkw0vdodu| frqwudfwv> wkdw lv/ hyhq zkhq wkhuh lv qr prqlwru0

lqj frvw/ wkhuh lv d vhsdudwlqj htxloleulxp iru fhuwdlq sdudphwhu ydoxhv dqg zkhq wkhuh duh

srvlwlyh prqlwrulqj frvwv/ wkhuh pljkw eh dq htxloleulxp lq zklfk rqo| sd|0iru0shuirupdqfh

?upv h{lvw1 Ixuwkhupruh/ zh vkrz wkdw frpshwlqj ?upv lq htxloleulxp fkrrvh wr prqlwru

zrunhuv/ exw lpshuihfwo| xqohvv wkh prqlwrulqj gl!fxow| lv vpdoo1 Wkh uhdvrq iru lqyhvwlqj

lq prqlwrulqj lv wr ghfuhdvh wkh lqwhqvlw| ri frpshwlwlrq dqg r>hu kljk0delolw| zrunhuv d

pl{ ehwzhhq sd|0iru0shuirupdqfh vhqvlwlylw| dqg prqlwrulqj lqwhqvlw| wkdw hlwkhu ghfuhdvhv

d kljk0delolw| zrunhu*v frvw ri ehlqj vhsdudwhg iurp orz0delolw| zrunhuv ru ghfuhdvhv wkh vxe0

vlg| wkdw kljk0delolw| zrunhuv jlyh wr orz0delolw| zrunhuv zkhq wkh| duh srrohg wrjhwkhu1

Khqfh/ rxu prgho lv vlplodu lq vslulw wr Od}hdu*v vlqfh zh erwk xvh d vruwlqj prgho wr h{0

sodlq zk| vrph ?upv r>hu sd|0iru0shuirupdqfh dqg rwkhuv vwudljkw vdodulhv/ exw frqwudu|

45Wklv uhvxow lv gxh wr srvlwlyh prqlwrulqj frvwv1 Li wkhvh zhuh }hur/ wkhq doo ?upv r>hu d sd|0iru0

shuirupdqfh> wkdw lv/ hdfk zrunhu jhwv sd| klv uhdol}hg rxwsxw1
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wr Od}hdu*v prgho lq rxu prgho wkhuh duh fdvhv lq zklfk qr vwudljkw0vdodu| ?up h{lvwv dqg

fdvhv lq zklfk rqo| vwudljkw0vdodu| h{lvwv1 Lq dgglwlrq/ zh vkrz wkdw/ xqohvv wkh prqlwrulqj

gl!fxow| lv yhu| vpdoo/ ?upv qhyhu fkrrvh wr prqlwru rxwsxw shuihfwo|1 Wkhvh duh lpsru0

wdqw gl>huhqfh ehfdxvh wkh hpslulfdo hylghqfh dv fdvxdo revhuydwlrqv vkrzv wkdw iru pdq|

rffxsdwlrqv/ olnh vdoh zrunhuv dqg FHRv/ rqo| sd|0iru0shuirupdqfh zrunhuv duh revhuyhg/

zkloh lq rwkhuv/ olnh djulfxowxudo zrunhuv/ vwudljkw0vdodu| dqg sd|0iru0shuirupdqfh zrunhuv

duh revhuyhg dqg wkdw ?upv lq zklfk wkh prqlwrulqj gl!fxow| lv odujh duh pxfk ohvv olnho|

wr prqlwru dqg sd|0iru0shuirupdqfh +PdfOhrg dqg Sduhqw/ 4<<;> Eurzq/ 4<<3,1

Lq dgglwlrq/ wkh gl>huhqfh lq wkh prgholqj dvvxpswlrqv doorzv xv wr pdnh suhglfwlrqv

frqfhuqlqj wkh rswlpdo sd|0iru0shuirupdqfh vhqvlwlylw|/ zklfk lv dozd|v htxdo wr � lq Od}hdu*v

prgho/ wkh prqlwrulqj lqwhqvlw| dqg khos xv wr lghqwli| wkh frqglwlrqv xqghu zklfk gl>huhqw

w|shv ri frpshqvdwlrq phwkrgv vkrxog eh revhuyhg1

715 H>ruw

Lq jhqhudo/ lw lv dujxhg wkdw sd|0iru0shuirupdqfh frqwudfwv duh ghvljqhg wr lqgxfh dgglwlrqdo

hpsor|hh h>ruw/ lqfuhdvh surgxfwlrq dqg/ dv d uhvxow/ frpshqvdwlrq1 Zkloh lw pd| vhhp

reylrxv wkdw d sd|0iru0shuirupdqfh frqwudfw lqgxfhv pruh h>ruw iurp zrunhuv/ lw lv qrw1

Zkhq d ?up fkrrvhv d vwudljkw vdodu| frpshqvdwlrq uhjlph/ xvxdoo| frqglwlrqv wkh zdjh

wr d plqlpxp ohyho ri rxwsxw1 Khqfh/ lw zrxog eh srvvleoh wkdw wkh plqlpxp uhtxluhg

lq d vwudljkw0vdodu| mre lv odujhu wkdq wkh plqlpxp uhtxluhg lq d sd|0iru0shuirupdqfh mre1

Ixuwkhupruh/ lw pd| eh wkh fdvh wkdw wkh plqlpxp uhtxluhg rxwsxw fdq eh dffrpsolvkhg

rqo| e| wkh prvw deoh zrunhuv dqg zkhq sd|0iru0shuirupdqfh dqg vwudljkw vdodu| frh{lvw/

pruh khwhurjhqhrxv plqlpxp fdq eh dffhswhg/ uhvxowlqj lq orzhu ohyhov ri rxwsxw1

Vr idu/ zh kdyh dvvxphg wkdw rxwsxw lv lqghshqghqw ri h>ruw/ zkloh lq wklv vhfwlrq zh

dvvxph wkdw rxwsxw fdq wdnh rq wzr ydoxhv 7+ Eeä dqg + Eeä/ zlwk 7+ Eeäý+ Eeä : f dqg +e Eeä : f
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iru doo e 5 ?n/ zkhuh e lv dq xqrevhuydeoh h>ruw +e Eüä ghqrwhv wkh ghulydwlyh ri rxwsxw zlwk
uhvshfw wr h>ruw146 D w0zrunhu*v frvw ri h{huwlqj e xqlwv ri h>ruw lv lqghshqghqw ri khu delolw|

dqg htxdo wr e1 Dv ehiruh d w0zrunhu*v suredelolw| ri surgxflqj wkh kljk rxwsxw iru dq| jlyhq

h>ruw lv w1 Khqfh/ d w0zrunhu*v h{shfwhg rxwsxw zkhq vkh h{huwv dq h>ruw ohyho htxdo wr e/

ghqrwhg e| +Eec wä/ lv w7+ Eeä n E�ý wä+ Eeä1

î Dvvxpswlrq 7= +eEeä : fc +eeEeä 8 f dqg +eEeä è +e Eeä iru doo e 5 dfc .o1

Hdfk ?up r>huv d phqx ri frqwudfwv/ zkhuh hdfk frqwudfw ä& vshfl?hv d qrq0qhjdwlyh zdjh

sdlg iru hdfk rxwsxw ohyho> l1h1/ ç& iru 7+& dqg ç& iru +&/ rxwsxw ohyhov 7+& dqg +& dqg d sd|phqw

î& iru +& *5
q
+
&
c 7+&
r
> wkdw lv/ frqwudfw ä& lv jlyhq e|

í
ç&c ç&c 7+&c +&c î&

ì
1 Ixuwkhupruh/ zh

dvvxph wkdw L lv xqerxqghg iurp ehorz> wkdw lv/ L Eçä ý$ ý4 dv ç ý$ ÷ç/ zkhuh ÷ç è ý4
dqg wkh wlplqj lv dv ehiruh/ exw qrz diwhu wkh frqwudfw kdv ehhq vljqhg/ zrunhuv h{huw h>ruw/

rxwsxw lv uhdol}hg dqg frpshqvdwlrq wdnhv sodfh1

Lw lv hdv| wr vkrz wkdw d w0zrunhu*v rswlpdo h>ruw ohyho xqghu ixoo0lqirupdwlrq/ ghqrwhg

e| eWw lv ghwhuplqhg e| wkh iroorzlqj ?uvw rughu frqglwlrq

L â E+EeWwc wää +eEe
W
wc wäý � ' fé +6,

Lw iroorzv iurp 6 dqg dvvxpswlrq 7 wkdw +EeW
w
c wä è +EeWwc wä1 Wkhuhiruh/ xqghu ixoo lqiru0

pdwlrq eW
w
V eWw1 Ixuwkhupruh/ lw lv dvvxphg wkdw LE+EeWwc wääý eWw : f iru w 5 õwc wô> wkdw lv/

h!flhqw iru erwk delolw| w|shv wr sduwlflsdwh dqg h{huw wkh rswlpdo h>ruw ohyho1

Qrwlfh wkdw wkh pdunhw fdq qrw lpsohphqw wkh ?uvw0ehvw ohyho ri h>ruwv EeW
w
c eWwä xqghu d

vwudljkw0vdodu| uhjlph dqg iruflqj frqwudfwv147 Wr vhh wklv vxssrvh wkdw ?upv r>hu wkh iro0

orzlqj frqwudfwv äWw '
í
+EeWwc wäc +Ee

W
wc wäc 7+

W
w c +

W
w
c îw

ì
dqg äW

w
'
í
+EeW

w
c 7wäc +EeW

w
c 7wäc 7+W

w
c +W
w
c îw

ì
1

46Wkh uhvxowv ri wklv vhfwlrq gr qrw ghshqg rq wkh dvvxpswlrq wkdw rxwsxw lv d elqdu| udqgrp yduldeoh1

Wkh| krog iru dq| ghqvlw| ixqfwlrq wkdw kdv d orzhu erxqg dqg prydeoh vxssruw ehfdxvh wkh ?up fdq dozd|v

ghwhfw d ghyldwlrq rxwvlgh ri wkh vhw ri uhtxluhg rxwsxwv dqg sxqlvk vxfk ghyldwlrq zlwk d odujh shqdow|1
47E| iruflqj frqwudfwv zh phdq wkdw zkhq |ë @5

q
|
ë
> ç|ë

r
wkh djhqw fdq eh vhyhuho| sxqlvkhg/ vr wkdw wkh

sulqflsdo fdq uhvwulfw dwwhqwlrq wr rxwsxwv lq
q
|
ë
> ç|ë

r
1
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Ehfdxvh +Eec 7wä : +Eec wä iru doo e dqg eWw ' @h}4@ iL E+Eewc wääý ewj/ LE+EeWwc 7wää ý eWw :
LE+EeWwc 7wää ý eWw : LE+EeWwc wää ý eWwé Wkhuhiruh/ d w0zrunhu kdv lqfhqwlyh wr fodlp wr eh d

w0zrunhu e| fkrrvlqj eW
w
dqg wdnlqj wkh frqwudfw ghvljqhg iru d kljk0delolw| zrunhu1 Wkxv/

?upv duh idfhg zlwk d vlplodu sureohp wr wkh rqh lq vhfwlrq 61

Dv lq vhfwlrq 6/ lw fdq eh vkrzq wkdw wkhuh duh wzr w|shv ri htxloleulxp/ d vhsdudwlqj

dqg d srrolqj htxloleulxp1 Wkh surri frqvlvwv ri plqru h{whqvlrqv ri wkh rqh iru wkh qr0

h>ruw prgho/ wkhuhiruh iru wkh vdnh ri euhylw| lw zloo eh rplwwhg148 Qhyhuwkhohvv/ lq wkh qh{w

sursrvlwlrq zh fkdudfwhul}h wkh rswlpdo frqwudfw iru wkh fdvh lq zklfk wkh htxloleulxp lv

vhsdudwlqj dqg iru wkh fdvh lq zklfk lv srrolqj1 Ehiruh grlqj vr/ lw lv xvhixo wr gh?qh wkh

ixqfwlrq û Eçä ì �
L
âEçä dqg wkh iroorzlqj frqwudfwv=

Eçrew c ç
re
w c e

r
wä
w
w ì @h}4@ wLEçre

w
ä n E�ý wäLEçre

w
äý er

w
+.å7,

vxemhfw wr

wLEçrew ä n E�ý wäLEçrew äý erw è wLEçrew ä n E�ý wäLEçre
w
äý er

w
c .Uäw

wLEçre
w
ä n E�ý wäLEçre

w
äý er

w
è wLEçrew ä n E�ý wäLEçrew äý erwc +.Uäw,

wLEçrew ä n E�ý wäLEçrew äý erw è fc +.U-w,

wçrew n E�ý wäçrew 8 + Eerwc wä c iru w 5
õ
wc w
ô
é +.~åw,

dqg

EçRc çRc eRä ì @h}4@ wLEçRä n E�ý wäLEçRäý eR +.åå ,

48Wkh surri lv dydlodeoh xsrq uhtxhvw1
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vxemhfw wr

wLEçRä n E�ý wäLEçRäý eR è fc .U-w

ewçR n E�ý ewäçR 8 + íeRcewì é +.~åew,
Qrwlfh wkdw zh kdyh ljqruhg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv iru h>ruw1 Wkh uhdvrq

ehlqj wkdw L Eîwä ý$ ý4 dv îw ý$ ÷îw/ zkhuh ÷îw è ý41 Wkxv/ lw lv dozd|v srvvleoh wr

fkrrvh d shqdow| îw vx!flhqwo| vhyhuh wkdw d w0zrunhu kdv qr lqfhqwlyh wr surgxfh dq rxwsxw

+w *5
q
+
w
c 7+w
r
1 Wklv ohdgv wr wkh iroorzlqj uhvxow1

Sursrvlwlrq 6 +l, Li > 8 h>/ wkhq ?upv r>hu wkh vwudljkw0vdodu| frqwudfw ärw ýeWwü dqg wkh
sd|0iru0shuirupdqfh frqwudfw är

w

ý
er
w

ü
/ zlwk h>ruw ohyho er

w
÷ eW

w
li û Eüä lv frqyh{ dqg er

w
è eW

w

li û Eüä lv frqfdyh149 Orz0delolw| zrunhuv fkrrvh wkh vwudljkw0vdodu| frqwudfw ärw
ý
eWw
ü
/ zkloh

kljk0delolw| zrunhuv fkrrvh wkh sd|0iru0shuirupdqfh frqwudfw är
w

ý
er
w

ü ì ýçre
w
c çre

w
c er
w

ü
> +ll, Li

> : h>/ wkhq hyhu| ?up r>huv wkh sd|0iru0shuirupdqfh frqwudfw äR EeRä ì EçRc çRc eRä/ zlwk

eR é eWw dqg eWw W eR li û Eüä lv frqfdyh/ dqg eR è eWw dqg eWw W eR li û Eüä lv frqyh{/ dqg erwk
w|shv ri zrunhuv sduwlflsdwh1

Wklv sursrvlwlrq vwdwhv wkdw wkh uhvxowv lq sursrvlwlrq 4 duh urexvw wr wkh lqwurgxfwlrq

ri h>ruw zkhq zrunhuv kdyh xqolplwhg oldelolw|1 Wkdw lv/ zkhq wkh htxloleulxp lv vhsdudwlqj/

orz0delolw| zrunhuv fkrrvh d vwudljkw0vdodu| mre dqg h{huw wkh h!flhqw ohyho ri h>ruw/ zkloh

kljk0delolw| zrunhuv fkrrvh d sd|0iru0shuirupdqfh mre dqg h{huw/ lq jhqhudo dq lqh!flhqw

ohyho ri h>ruw1 Zkhuhdv/ zkhq wkh htxloleulxp lv srrolqj erwk/ kljk0 dqg orz0delolw| zrunhuv

zrun lq d sd|0iru0shuirupdqfh mre dqg h{huw dq lqh!flhqw ohyho ri h>ruw1

49k33 W 3 li dqg rqo| li X 333 V 5X 335
X 3 =
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Wkh lqwxlwlrq iru d vhsdudwlqj htxloleulxp iroorzv iurp wkdw orz0delolw| zrunhuv fdq eh

glvfrxudjhg iurp plplfnlqj kljk0delolw| zrunhuv e| hlwkhu lpsrvlqj d odujh dprxqw ri ulvn

dqg d orz shuirupdqfh vwdqgdug ru e| d vpdoo dprxqw ri ulvn dqg d kljk shuirupdqfh

vwdqgdug1 Iru d jlyhq shuirupdqfh vwdqgdug> l1h1/ ohyho ri h>ruw/ zkhq zrunhuv duh kljko|

ulvn dyhuvh +û lv frqyh{, d vpdoo lqfuhdvh lq ulvn lv qhhghg wr vwrs orz0delolw| zrunhuv iurp

plplfnlqj kljk0delolw| zrunhuv/ zkloh zkhq zrunhuv duh qrw dv ulvn dyhuvh +û lv frqfdyh, d

odujh lqfuhdvh lq ulvn lv qhhghg wr lqgxfh zrunhuv vhoi0vhohfwlrq1 Wkhuhiruh/ lq rughu wr vwrs

d orz0delolw| zrunhu iurp plplfnlqj d kljk0delolw| zrunhu dw wkh plqlpxp frvw srvvleoh iru

kljk0delolw| zrunhuv/ ?upv r>hu d frqwudfw wkdw vhwv d kljk +orz, shuirupdqfh vwdqgdug dqg

r>huv dq vpdoo +odujhu, dprxqw ri ulvn zkhq zrunhuv duh kljko| +qrw dv kljko|, ulvn dyhuvh>

wkdw lv/ ?upv wudgh0r> shuirupdqfh vwdqgdugv dqg ulvn wr plqlpl}h kljk0delolw| zrunhuv* orvw

lq zhoo0ehlqj gxh wr wkh h{lvwhqfh ri dv|pphwulf lqirupdwlrq1 Wkxv/ wkh prgho suhglfwv

wkdw lq vhsdudwlqj htxloleulxp d wudgh0r> ehwzhhq sd|0iru0shuirupdqfh vhqvlwlylw| dqg h>ruw

gl>huhqw iurp wkh rqh suhglfwhg e| wkh prudo kd}dug prgho h{lwv> wkdw lv/ zrunhuv xqghu

frqwudfwv zlwk odujhu sd|0iru0shuirupdqfh vhqvlwlylw| h{huw ohvv h>ruw/ zkloh zrunhuv zlwk

vpdoohu sd|0iru0shuirupdqfh vhqvlwlylw| h{huw pruh h>ruw1

Wkh lqwxlwlrq iru wkh h{lvwhqfh ri dq htxloleulxp lq zklfk doo ?upv r>hu wkh vdph sd|0

iru0shuirupdqfh frqwudfw zkhq wkh sursruwlrq ri kljk0delolw| zrunhuv lv odujh lv wkh vdph

dv wkh rqh lq wkh sxuh dv|pphwulf lqirupdwlrq prgho zlwk qr h>ruw1 Wkdw lv/ zkhq wkh

frpelqhg rxwsxw ri doo djhqwv lv vxfk wkdw ?upv fdq r>hu d frqwudfw wkdw pdnh erwk/ kljk0

dqg orz0delolw| zrunhuv ehwwhu0r> wkdq wkh| zrxog eh/ zhuh ?upv r>hu d phqx ri frqwudfwv

wkdw vhsdudwh w|shv/ lw lv rswlpdo wr srro doo w|shv xqghu wkh vdph frqwudfw1

Wkhuh duh wzr lqwhuhvwlqj fruroodulhv wkdw uhdglo| iroorzv iurp sursrvlwlrq 61 Rqh frq0

fhuqlqj wkh vwdqgdug dujxphqw wkdw sd|0iru0shuirupdqfh frqwudfwv duh ghvljqhg wr lqgxfh

dgglwlrqdo hpsor|hh h>ruw/ lqfuhdvh surgxfwlrq dqg/ dv d uhvxow/ frpshqvdwlrq/ dqg dqrwkhu

rqh/ frqfhuqlqj wkh rswlpdo ohyhov ri h>ruw lq d vhsdudwlqj htxloleulxp1

56



Fruroodu| 5 Vxssrvh wkdw +eEeä ' +e Eeä iru doo eé Wkhq/ +l, e
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Wklv fruroodu| vkrzv wkdw orz0delolw| zrunhuv xqghu d vwudljkw0vdodu| frqwudfw pd| kdyh

d kljkhu shuirupdqfh vwdqgdug dqg d odujhu h{shfwhg surgxfwlylw| wkdq kljk0delolw| zrunhuv

xqghu d sd|0iru0shuirupdqfh frqwudfw1 Wkxv/ lq wklv fdvh sd|0iru0shuirupdqfh frqwudfwv duh

qrw ghvljqhg wr lqgxfh dgglwlrqdo hpsor|hh h>ruw/ lqfuhdvh surgxfwlrq dqg/ dv d uhvxow/ frp0

shqvdwlrq1 Sd|0iru0shuirupdqfh frqwudfwv duh ghvljqhg wrjhwkhu zlwk shuirupdqfh vwdqgdugv

wr plqlpl}hv kljk0delolw| zrunhuv* frvw ri vhsdudwlrq1 Wkxv/ ljqrulqj wkh vruwlqj h>hfw ri

sd|0iru0shuirupdqfh pd| ohdg wr ghvljq lqfruuhfw hpslulfdo vwudwhjlhv wr whvw wkh h>hfw ri

sd|0iru0shuirupdqfh frqwudfwv rq surgxfwlylw|1

Wkh qh{w fruroodu| frqfhuqv wkh rswlpdo ohyho ri h>ruw lq d vhsdudwlqj htxloleulxp1

Fruroodu| 6 Vxssrvh wkdw ûââEçä ' f/ wkhq er
w
' eW

w
dqg erw ' e

W
w1
4:

Wklv sursrvlwlrq hvwdeolvkhv wkdw zkhq zrunhuv kdyh xqolplwhg oldelolw| dqg wkh xwlolw|

ixqfwlrq vdwlv?hv fhuwdlq surshuwlhv/ wkh rxwsxw vwdqgdug lv vhw wr wkh ?uvw0ehvw ohyho iru

erwk/ kljk0 dqg orz0delolw| zrunhuv1 Wklv vkrzv wkdw sd|0iru0shuirupdqfh frqwudfwv pd|

dulvh lq d zruog lq zklfk d shuirupdqfh vwdqgdug frqwudfw lv vx!flhqw wr lqgxfh wkh ?uvw0

ehvw h>ruw ohyho/ dqg sd|0iru0shuirupdqfh frqwudfwv kdyh qr h>hfw rq h>ruw14; Wklv surylghv

d irxqgdwlrq iru wkh vlpsohu prgho lq wkh pdlq vhfwlrq1

Ilqdoo|/ wkhuh duh wzr uhpdunv wr wkh uhvxowv ghulyhg khuh1 Iluvw/ wkdw wkh uhvxowv khuh duh

urexvw wr wkh lqwurgxfwlrq ri pruh wkdq wzr w|shv1 Vhfrqg/ zh kdyh ghulyhg rxu vroxwlrq

dvvxplqj wkdw zrunhuv kdyh xqolplwhg oldelolw|1 Wkdw lv/ zh kdyh dvvxphg wkdw ?upv fdq

vhyhuho| sxqlvk d zrunhu zkrvh rxwsxw lv gl>huhqw iurp wkh vwdqgdug vhw e| wkh ?up vr wkdw

lw lv qhyhu rswlpdo wr ghyldwh iurp wkdw vwdqgdug1
4:Wklv lv wuxh/ iru lqvwdqfh/ iru X +z, @ ò oq +f. z,/ zlwk f A 3 dqg ò A 3=
4;Wklv uhvxow lv vlplodu lq vslulw wr Pluuohvv +4<:7,/ lq wkh vhqvh wkdw wkh rswlpdo h>ruw dssurdfkhv wkh

?uvw0ehvw vx!flhqwo| forvh1
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Wkh txhvwlrq wkhq ehfrphv krz uhvwulfwlyh wklv dvvxpswlrq lv iru rxu vroxwlrq1 Wr dqvzhu

wklv/ ohw vxssrvh iru vlpsolflw| wkdw d zrunhu fdqqrw eh sdlg lq hlwkhu vwdwh d zdjh vxfk wkdw

wkh xwlolw| lv orzhu wkdq f> wkdw lv wkh pd{lpxp sxqlvkphqw wkdw d ?up fdq dsso| wr d

zrunhu zkr fodlpv wr eh d w0zrunhu dqg hlwkhu ryhushuirup ru xqghushuirup zlwk uhvshfw wr

wkh shuirupdqfh vwdqgdug lv ÷îw/ zkhuh L
í
÷îw
ì
' f14< Wkhq/ lw lv hdv| wr vkrz wkdw sd|lqj

orz0delolw| zrunhuv d vwudljkw vdodu| dqg ghpdqglqj wkhlu ?uvw0ehvw ohyho ri h>ruw lv lqfhqwlyh

frpsdwleoh li wkh iroorzlqj krogv
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E�ý wä c e

W
w

,
/ +7,
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Ixuwkhupruh/ wkh ixoo vroxwlrq xqghu wkh dvvxpswlrq ri xqolplwhg oldelolw| lv lpsoh0

phqwdeoh xqghu olplwhg oldelolw| li wrjhwkhu zlwk 7/ wkh iroorzlqj krogv53
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Wkhuhiruh/ li 7 dqg 8 krog iru L
í
÷îw

ì
' f/ olplwhg oldelolw| grhv qrw qhfhvvdulo| suhyhqw

iruflqj frqwudfwv xqghu xqolplwhg oldelolw| iurp ehlqj rswlpdo1 Pruhryhu/ li L Efä ' f/ wklv

lpsolhv wkdw wkh wkuhdw ri shqdow| lv dozd|v fuhgleoh/ iru wkh ?up fdq vlpso| uhixvh wr sd|

4<Wkh dqdo|vlv khuh dovr dssolhv iru d uhvwulfwlrq rq wkh plqlpxp xwlolw| gl>huhqw iurp 31
53Khuh zh duh dvvxplqj wkdw pd{
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54Lq d srrolqj htxloleulxp/ wkh vroxwlrq xqghu xqolplwhg oldelolw| lv rswlpdo xqghu olplwhg oldelolw| zkhq

ëX+zs, . +4ý ë,X+zs,ý hs è pd{õ+4ý ë,X+zs,ý hK +hs, > ëX+zs,ý hO +hs, > 3ô > iru ë 5 õë> ëô > +9,

zkhuh hK vroyhv i+hK > v, @ i+hs> v, dqg hO vroyhv i+hO> v, @ i+hs> v,1
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zkhq wkh rxwsxw idlov wr phhw wkh uhtxluhg shuirupdqfh vwdqgdug1 Wklv vkrzv wkdw d erxqg

rq wkh djhqw*v xwlolw| grhv qrw qhfhvvdulo| suhfoxgh wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp

lq zklfk orz0delolw| zrunhuv duh sdlg d vwudljkw vdodu| dqg h{huw wkh ?uvw0ehvw ohyho ri h>ruw1

Lw dovr iroorzv iurp 8 wkdw li wkh ?uvw lqhtxdolw| lv ylrodwhg xqghu wkh rswlpdo frqwudfw

xqghu xqolplwhg oldelolw|/ wkh rehglhqfh frqvwudlqw lpsrvhv d olplw rq krz odujh wkh sd|0

iru0shuirupdqfh vhqvlwlylw| fdq eh1 Wklv lpsolhv wkdw lq rughu wr vdwlvi| orz0delolw| zrunhuv*

lqfhqwlyh frpsdwlelolw| frqvwudlqw EUäwä/ wkh ?up pxvw lqfuhdvh wkh dprxqw ri h>ruw uhtxluhg

lq wkh frqwudfw wdloruhg wr kljk0delolw| zrunhuv1 Rq wkh rwkhu kdqg/ li wkh vhfrqg lqhtxdolw|

lv ylrodwhg/ wkh rehglhqfh frqvwudlqw lpsrvhv d olplw rq krz vpdoo wkh sd|0iru0shuirupdqfh

fdq eh1 Wklv lpsolhv wkdw lq rughu wr vdwlvi| wkh Uäw/ wkh ?up pxvw ghfuhdvh wkh dprxqw ri

h>ruw uhtxluhg lq wkh frqwudfw wdloruhg wr kljk0delolw| zrunhuv1 Khqfh/ wkh plqlpxp0h>ruw

uhtxluhphqw dqg sd|0iru0shuirupdqfh vhqvlwlylw| duh vxevwlwxwhv zkhq wkh olplwhg oldelolw|

frqvwudlqw ehfrphv elqglqj1

Wkhuhiruh/ dv orqj dv 7 krogv/ wkh h{lvwhqfh ri dq h>ruw fkrlfh dqg dv|pphwulf lqirupd0

wlrq grhv qrw suhfoxgh wkh fr0h{lvwhqfh ri sd|0iru0shuirupdqfh dqg vwudljkw vdodu| frqwudfwv

zlwklq dq rffxsdwlrq1 Ixuwkhupruh/ li 8 krogv dqg ûââ ' f/ wkh h{lvwhqfh ri dv|pphwulf lqiru0

pdwlrq grhv qrw suhfoxgh wkh lpsohphqwdwlrq ri wkh h!flhqw ohyho ri h>ruw1 Wklv lpsolhv wkdw

wkh orvv iurp wkhvh wzr gl>huhqw sureohpv ri lqirupdwlrq lv rqo| wkh lqh!flhqw doorfdwlrq ri

ulvn1

Ilqdoo|/ lw lv lqwhuhvwlqj wr qrwlfh wkdw frqwudu| wr wkh vwdqgdug olwhudwxuh rq vfuhhqlqj lq

d prqrsrolvwlf vhwwlqj dqg zlwk ulvn0qhxwudo djhqwv/ khuh/ wkh glvwruwlrq rffxuv dw wkh wrs>

wkdw lv/ wkh kljkhu w|sh*v h>ruw lv glvwruwhg hlwkhu grzqzdugv ru xszdugv1 Wkh uhdvrq ehlqj

wkdw zlwk ulvn0dyhuvh djhqwv/ wkhuh lv dqrwkhu lqvwuxphqw wr dfklhyh vruwlqj zklfk lv wkh sd|0

iru0shuirupdqfh vhqvlwlylw| dqg frpshwlwlrq grhv qrw doorz wr glvwruw orz0delolw| zrunhuv*

shuirupdqfh vwdqgdugv +vhh/ Od>rqw dqg Wluroh/ 4<<5,1
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8 Glvfxvvlrq

Wkh edvlf prgho ri wklv sdshu kdv frqfuhwh hpslulfdo suhglfwlrqv frqfhuqlqj wkh w|sh ri

zrunhuv dqg frpshqvdwlrq frqwudfwv wkdw vkrxog eh revhuyhg1

Wkh reylrxv lpsolfdwlrqv ri wkh prgho lv wkdw iru dq rffxsdwlrq lq zklfk wkh sursruwlrq ri

kljk0delolw| zrunhuv lv vpdoo/ zrunhuv xqghu d vwudljkw vdodu| kdyh d orzhu dyhudjh txdolw| wkdq

zrunhuv xqghu sd|0iru0shuirupdqfh1 Wkh ehvw zrunhuv/ zkhq wkh htxloleulxp lv vhsdudwlqj/

vhohfw frqwudfwv zkhuh shuirupdqfh kdv d sd|r> dqg ?upv dzduh ri wkdw fkrrvh frqwudfwv

dffruglqjo|1 Wklv lpsolhv wkdw surgxfwlylw| lv odujhu dprqj sd|0iru0shuirupdqfh zrunhuv/

|hw wklv grhv qrw lpso| wkdw fkdqjlqj doo zrunhuv wr sd|0iru0shuirupdqfh uhvxowv lq d odujhu

dyhudjh surgxfwlylw|1 Lq idfw/ lw zrxog kdyh qr h>hfw dw doo rq dyhudjh rxwsxw/ zklfk lv wkh

fodvvlf vfuhhqlqj uhvxow155 Khqfh/ wkh surgxfwlylw| jdlq zkhq erwk frpshqvdwlrq phwkrgv

frh{lvw lv gxh rqo| wr wkh vruwlqj h>hfw1 Wkh hylghqfh lv frqvlvwhqw zlwk wklv suhglfwlrq1

Zkhq sd|0iru0shuirupdqfh dqg vwudljkw0vdodu| frqwudfwv frh{lvw zlwklq dq rffxsdwlrq/ sd|0

iru0shuirupdqfh zrunhuv hduq pruh dqg kdyh d kljkhu dyhudjh surgxfwlylw| wkdq vwudljkw

vdodu| zrunhuv156 Wkh frpshqvdwlrq dqg surgxfwlylw| gl>huhqfhv udqjhg urxjko| iurp 8 (

wr 6: ( +vhh/ iru lqvwdqfh Eurzq/ 4<<5> Od}hdu/ 4<<:> Sdduvk dqg Vkhduhu/ 4<<:> Sduhqw

dqg PdfOhrg/ 4<<;> Shwhuvhq/ 4<<4 dqg 4<<5> Vhlohu/ 4<;7,1 Irvwhu dqg Urvhq}zhlj +4<<9,

xvlqj ghwdlohg gdwd iurp dq djulfxowxudo oderu pdunhw lq zklfk zrunhuv fdq zrun lq hlwkhu d

slhfh0udwh ru d vwudljkw0vdodu| rffxsdwlrq ?qg hylghqfh lq idyru ri d rqh0idfwru surgxfwlylw|

prgho dqg wkdw lqirupdwlrq dv|pphwulhv duh suhvhqw/57 exw zrunhuv duh vruwhg rxw dffruglqj

55Wklv pd| qrw eh wuxh li wkh sduwlflsdwlrq ghflvlrq lv fkdqjhg e| wkh fkdqjh lq wkh frpshqvdwlrq phwkrg

xvhg ru li h>ruw lv lqyroyhg1
56Wkh vwdqgdug djhqf| wkhru| fdqqrw ixoo| dffrxqw iru wklv ?qglqj vlqfh lw fdqqrw h{sodlq wkh frh{lvwhqfh

ri vwudljkw0vdodu| dqg sd|0iru0shuirupdqfh frqwudfwv zlwklq dq rffxsdwlrq/ exw lw fdq h{sodlq gl>huhqfh

dfurvv rffxsdwlrqv1
57Rqh0idfwru surgxfwlylw| prgho phdqv wkdw vnloov fdq eh vxppdul}hg lq rqh lqsxw +delolw|, dqg wkdw wkh

pruh vnloixoo zrunhuv duh pruh surgxfwlyh dffurvv doo rffxsdwlrqv1
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wr wkhlu frpsdudwlyh dgydqwdjhv> wkdw lv/ wkh pruh vnlooixo zrunhuv zrun lq wkh slhfh0udwh

vhfwru/ zkloh wkh ohvv vnlooixo rqhv zrun lq wkh vwudljkw0vdodu| vhfwru1

Wkh prgho/ krzhyhu/ suhglfwv d gl>huhqw rxwfrph zkhq wkh sursruwlrq ri kljk0delolw|

zrunhuv lv odujh1 Lq wklv fdvh/ doo zrunhuv duh sdlg sd|0iru0shuirupdqfh1 Wklv lv vxjjhvwlyh ri

zkhq zh vkrxog revhuyh sd|0iru0shuirupdqfh dqg vwudljkw vdodulhv zlwklq dq rffxsdwlrq dqg

zkhq zh vkrxog revhuyh rqo| sd|0iru0shuirupdqfh1 Fohduo|/ lq wkrvh rffxsdwlrqv lq zklfk

wkh srro ri dssolfdqwv kdv d odujh vkduh ri kljk0delolw| zrunhuv/ zh vkrxog revhuyh rqo|

sd|0iru0shuirupdqfh zrunhuv/ zkloh lq wkrvh lq zklfk wkh vkduh lv vpdoo/ erwk frpshqvdwlrq

phwkrgv vkrxog eh revhuyhg1 Dv dq h{dpsoh ri wklv/ lq orz revhuydeoh vnloo rffxsdwlrqv

olnh djulfxowxudo mrev lv frpprq wr revhuyh wkdw vwudljkw vdodulhv dqg sd|0iru0shuirupdqfh

frqwudfwv frh{lvw/ zkloh lq rffxsdwlrqv wkdw ghpdqg kljkhu revhuydeoh vnloov/ olnh pdqdjhuldo

mrev/ rqo| sd|0iru0shuirupdqfh vkrxog eh revhuyhg1 Vr/ dv orqj dv revhuydeoh vnloov duh

fruuhodwhg wr xqrevhuydeoh vnloov/ rxu prgho vxjjhvwv dq h{sodqdwlrq iru wklv skhqrphqrq1

Wkh prgho qrw rqo| vxjjhvwv zkhq gl>huhqw rxwfrphv vkrxog eh revhuyhg/ exw dovr pdnhv

suhglfwlrqv frqfhuqlqj wkh pdjqlwxgh ri wkh sd|0iru0shuirupdqfh vhqvlwlylw| lq hdfk htxlole0

ulxp1 Wkh prgho suhglfwv wkdw wkh sd|0iru0shuirupdqfh vhqvlwlylw| lq d vhsdudwlqj htxlole0

ulxp lv odujhu wkdq wkh vhqvlwlylw| lq d srrolqj htxloleulxp1 Wkhuh lv hylghqfh wkdw sur0

ylghv vrph vxssruw iru wklv suhglfwlrq1 Iru lqvwdqfh/ wkh sd|0iru0shuirupdqfh vhqvlwlylw| iru

FHRv/ rffxsdwlrq lq zklfk doo zrunhuv duh sdlg sd|0iru0shuirupdqfh/ lv udwkhu orz1 Mhqvhq

dqg Pxusk| +4<<3, ?qg wkdw FHR*v zhdowk fkdqjhv '6158 iru hyhu| '4333 fkdqjh lq vkduh0

kroghu ydoxh/ zklfk lpsolhv d sd|0iru0shuirupdqfh vhqvlwlylw| ri 31336 dqg frqfoxgh wkdw

wkh 3wkh odfn ri vwurqj sd|0iru0shuirupdqfh lqfhqwlyhv iru FHRv lqglfdwhg e| rxu hylghqfh

lv sx}}olqj1458 Zkhuhdv lq rffxsdwlrqv lq zklfk erwk frpshqvdwlrq phwkrgv frh{lvw/ wkh

58Vlplodu hylghqfh lv irxqg lq Ndsodq +4<<7,/ Jleerqv dqg Pxusk| +4<<3, dqg Pxusk| +4<;8/ 4<;9,1

Pxusk| +4<<<,/ lq d uhylhz ri wkh FHR olwhudwxuh/ frqfoxghv wkdw hylghqfh iurp vhyhudo vwxglhv dqg vdpsohv

ohdyhv xv idluo| vhfxuh wkdw wkh hvwlpdwhg sd|0iru0shuirupdqfh vhqvlwlylw| iru FHR*v lv udwkhu vpdoo/ ehwzhhq
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sd|0iru0shuirupdqfh vhqvlwlylwlhv duh pxfk odujhu1 Lq Od}hdu*v zlqgvklhog0lqvwdoolqj ?up wkh

sd|0iru0shuirupdqfh vhqvlwlylw| lv dv kljk dv 318 dqg dffruglqj wr wkh EOV +4<:8,/ phfkdq0

lfv uhfhlyh xvxdoo| ehwzhhq 78( wr 83( ri wkh oderu frvwv fkdujhg wr fxvwrphuv dqg d 83(

dprqj djulfxowxudo zrunhuv lv udwkhu frpprq1 Wklv lv dovr frpprq lq vdohv0olnh mrev dv lq

iudqfklvhv zkhuh zh fdq ?qg sd|0iru0shuirupdqfh vhqvlwlylwlhv ri 83 shufhqw ru pruh1 Iru

lqvwdqfh/ lq PfGrqdog*v fdvh/ iudqfklvhhv sd| 8043 shufhqw ur|dowlhv rq vdohv/ lpso|lqj dq hi0

ihfwlyh frpplvvlrq udwhv ri pruh wkdq <3 shufhqw/ zkloh wkh frpsdq| rzqhg vwruhv pdqdjhuv

duh sdlg vwudljkw vdodulhv1

D vkruwfrplqj ri wkh vlpsoh prgho lv wkdw lq qr htxloleulxp rqo| vwudljkw0vdodu| frq0

wudfwv duh r>huhg1 Zkhq prqlwrulqj lv lqwurgxfhg/ wkh prgho suhglfwv wkdw rqo| sd|0iru0

shuirupdqfh frqwudfwv vkrxog eh revhuyhg zkhq wkh prqlwrulqj gl!fxow| lv vpdoo dqg wkh

sursruwlrq ri kljk0delolw| zrunhuv lv odujh> rqo| vwudljkw vdodulhv vkrxog eh revhuyhg zkhq wkh

prqlwrulqj gl!fxow| dqg wkh sursruwlrq ri kljk0delolw| zrunhuv duh odujh> dqg wkdw sd|0iru0

shuirupdqfh dqg vwudljkw vdodulhv vkrxog frh{lvw zkhq wkh sursruwlrq ri kljk0delolw| zrunhuv

lv vpdoo1 Eurzq +4<<3,/ xvlqj wkh lqgxvwu| zdjh vxuyh|/ ?qgv wkdw sd|0iru0shuirupdqfh lv

srvlwlyho| fruuhodwhg wr wkh hdvh ri prqlwrulqj1 PdfOhrg dqg Sduhqw +4<<;, xvlqj wkh SVLG/

QOV\/ FSV dqg wkh Txdolw| ri Hpsor|phqw Vxuyh|/ frqfoxgh diwhu d yhu| fduhixo dqdo|vlv

wkdw sd|0iru0shuirupdqfh lv pruh olnho| wr eh revhuyhg wkh hdvlhvw lv wr dvvhvv zrunhuv* shu0

irupdqfh159 Ixuwkhupruh/ dv suhglfwhg e| wkh prgho/ mrev wkdw sd| pruh/ prqlwruv pruh

dqg mrev wkdw sd| ohvv/ prqlwruv ohvv +vhh/ iru lqvwdqfh/ Fdshool dqg Fkdxylq +4<<4,/ Jurvkhq

dqg Nuxjhu +4<<3, dqg Qhdo +4<<5,,1

Zkhq h>ruw lv frqvlghuhg wkh prgho suhglfwv wkdw xqghu fhuwdlq frqglwlrqv sd|0iru0

shuirupdqfh zrunhuv pd| qrw rqo| h{huw ohvv h>ruw wkdq vwudljkw0vdodu| zrunhuv/ exw dovr

kdyh d orzhu h{shfwhg surgxfwlylw|1 Ixuwkhupruh/ wkh prgho suhglfwv wkdw lq vhsdudwlqj htxl0

3=334 dqg 3=33:1
59Vhh dovr Kh|zrrg hw1 do1 +4<<:, dqg Hlvhqkdugw +4<;;, dqg Odirqwdlqh dqg Vodgh +4<<;,1
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oleulxp d wudgh0r> ehwzhhq sd|0iru0shuirupdqfh vhqvlwlylw| dqg h>ruw gl>huhqw iurp wkh rqh

suhglfwhg e| wkh prudo kd}dug prgho h{lwv> wkdw lv/ zrunhuv xqghu frqwudfwv zlwk odujhu sd|0

iru0shuirupdqfh vhqvlwlylw| h{huw ohvv h>ruw/ zkloh zrunhuv zlwk vpdoohu sd|0iru0shuirupdqfh

vhqvlwlylw| h{huw pruh h>ruw1 Wkxv/ shuirupdqfh vwdqgdugv dqg wkh sd|0iru0shuirupdqfh vhq0

vlwlylw| duh vxevwlwxwhv lqvwuxphqwv wr dfklhyh shuihfw vruwlqj dqg surylgh lqfhqwlyhv iru h>ruw1

Wkxv/ ljqrulqj wkh vruwlqj h>hfw ri sd|0iru0shuirupdqfh pd| ohdg wr plvwdnhqo| lqwhusuhw wkh

gdwd rq frpshqvdwlrq1 Wkhuh lv qr hylghqfh wkdw zh duh dzduh0r> wkdw fdq surylgh vxssruw

iru wklv suhglfwlrq/ exw lw lv xvhixo zkhq vwxg|lqj frpshqvdwlrq gdwd wr kdyh lq plqg wkdw

qrw dozd|v sd|0iru0shuirupdqfh zrunhuv hduq dqg surgxfh pruh wkdq vwudljkw0vdodu| zrunhuv1

9 Frqfoxvlrqv

Zh kdyh ghyhorshg d prgho wkdw surylghv d udwlrqdoh iru wkh h{lvwhqfh ri sd|0iru0shuirupdqfh

frqwudfwv lq wkh devhqfh ri lqfhqwlyh iru h>ruw dqg h{sodlqv zkhq dqg lq zklfk rffxsdwlrqv

sd|0iru0shuirupdqfh lv pruh olnho| wr eh revhuyhg1 Lq rxu prgho sd|0iru0shuirupdqfh frq0

wudfwv dulvh iru wzr frpsohwho| gl>huhqw uhdvrqv1 Zkhq wkh sursruwlrq ri kljk0delolw| zrun0

huv lv vpdoo sd|0iru0shuirupdqfh frqwudfwv dulvh dv vruwlqj ghylfh wr holflw lqirupdwlrq derxw

zrunhuv* vnloov/ zkloh zkhq wkh sursruwlrq lv odujh sd|0iru0shuirupdqfh frqwudfwv dulvh wr gh0

fuhdvh jrrg zrunhuv* frvwv ri ehlqj srrohg zlwk edg zrunhuv1 Frpshwlwlrq dprqj ?upv iru

wkh ehvw zrunhuv irufhv ?up wr olqn sd| wr shuirupdqfh lq rughu wr surylgh wkh ehvw zrunhuv

zlwk d kljkhu h{shfwhg frpshqvdwlrq1 Ixuwkhupruh/ wkh prgho/ zkhq h>ruw lv frqvlghuhg/

suhglfwv/ frqwudu| wr wkh prudo kd}dug prgho/ wkdw wkhuh lv dq htxloleulxp lq zklfk zrunhuv

xqghu frqwudfwv zlwk d odujhu sd|0iru0shuirupdqfh vhqvlwlylw| h{huw ohvv h>ruw wkdq zrunhuv

xqghu frqwudfwv zlwk d vpdoohu sd|0iru0shuirupdqfh vhqvlwlylw|1 Wkxv/ vwxg| lqfhqwlyhv dqg

frpshqvdwlrq edvhg rqo| rq wkh vwdqgdug lqfhqwlyh h>hfw sdudgljp dqg qhjohfwlqj wkh uroh

ri frpshwlwlrq dqg dv|pphwulf lqirupdwlrq/ uhvxowv lq d odfn ri xqghuvwdqglqj ri wkh uroh
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sod|hg e| lqfhqwlyh frqwudfwv dqg eldv wkh hpslulfdo zrun wkdw wulhv wr lghqwli| wkh h>hfwv ri

frqwudfw rq surgxfwlylw| dqg frpshqvdwlrq1 Lq vkruw/ dv wkh hylghqfh vxjjhvwv/ rxu sdshu

vkrzv wkdw vruwlqj pdwwhuv15:

Wkh sdshu dovr pdnhv frqwulexwlrqv wr wkh wkhruhwlfdo olwhudwxuh rq vfuhhqlqj jdphv1 Lw

lv vkrzq wkdw lq d frpshwlwlyh pdunhw dqg xqghu d voljkwo| prgl?hg wlplqj wkdq wkh rqh

sursrvhg e| Urwkvfklog dqg Vwljolw}* +4<:9, d xqltxh htxloleulxp h{lwv zkhq d dssursldwho|

fkrvhq htxloleulxp uh?qhphqw lv xvhg1 Zh kdyh vkrzq wkdw zkhq wkh sursruwlrq ri kljk0

delolw| w|shv lv vx!flhqwo| idyrudeoh/ wkh xqltxh htxloleulxp hqwdlov srrolqj/ zkloh xqghu wkh

Urwkvfklog dqg Vwljolw}* wlplqj xqghu wkh vdph sdudphwul}dwlrq qr htxloleulxp h{lvwv1 Lq d

vhqvh/ zh kdyh vkrzq wkdw wkh pdunhw lv qrw dv jrrg dv phfkdqlvp uhgxflqj wkh qhjdwlyh

h{whuqdolw| wkdw orz0delolw| w|shv lpsrvh rq kljk0delolw| w|shv1 Rq wkh rwkhu kdqg/ zh

kdyh dovr vkrzq wkdw frqwudu| wr wkh olwhudwxuh rq vfuhhqlqj lq prqrsrolvwlf vhwwlqjv/ xqghu

frpshwlwlrq wkh glvwruwlrq/ li dq|/ wdnhv sodfh dw wkh wrs +vhh/ Od>rqw dqg Wluroh/ 4<<9 iru wkh

vwdqgdug qr glvwruwlrq dw wkh wrs uhvxow,1 Wkh uhdvrq ehlqj wkdw frpshwlwlrq irufhv ?upv wr

r>hu orz0delolw| w|shv wkh frqwudfw wkdw pd{lpl}hv wkhlu h{shfwhg sd|r> dqg wkhuhiruh/ kljk0

delolw| zrunhu*v frqwudfw lv glvwruwhg wr vwrs orz0delolw| zrunhuv iurp plplfnlqj kljk0delolw|

zrunhuv1

Zkloh/ zh kdyh frqfhqwudwhg rq frpshqvdwlrq phwkrgv/ wkh uhvxowv ghulyhg khuh dsso|

wr d zlgh ydulhw| ri lvvxhv1 Frqvlghu/ iru lqvwdqfh/ wkh pdunhw iru ordqv1 Ehvwhu +4<;8, kdyh

vkrzq wkdw d froodwhudo dulvhv dv d zd| wr dyrlg fuhglw udwlrqlqj dqg wr dfklhyh shuihfw vruwlqj1

Zh kdyh vkrzq wkdw rxu prgho suhglfwlrqv duh frqvlvwhqw zlwk wklv suhglfwlrq rqo| zkhq wkh

sursruwlrq ri kljk0ulvn eruurzhuv lv kljk1 Zkhq wkh sursruwlrq ri kljk0ulvn eruurzhuv lv

5:Wkhuh lv sohqw| ri hylghqfh ri wkh lpsruwdqfh ri vhohfwlrq gxh wr frqwudfw r>huv1 Iru lqvwdqfh/ Od}hdu

+4<<:, dqg Sdduvk dqg Vkhduhu +4<<:, vkrz wkdw doprvw kdoi ri wkh lqfuhdvh lq surgxfwlylw| gxh wr wkh xvh

ri sd|0iru0shuirupdqfh rffxuv iurp d vhohfwlrq h>hfw/ dqg Vkhduhu +4<<:, vkrzv wkdw wkh whqxuh0surgxfwlylw|

sur?oh ri slhfh0udwh zrunhuv lv pxfk  dwwhu diwhu frqwuroolqj iru zrunhuv* xqrevhuyhg khwhurjhqhlw|1
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orz/ d froodwhudo lv xvhg wr ghfuhdvhv orz0ulvn eruurzhuv* frvw ri ehlqj srrohg zlwk kljk0ulvn

eruurzhuv1 Vr/ wkh suhvhqfh ri d froodwhudo fdqqrw eh wdnhq dv dq hylghqfh wkdw eruurzhuv*

w|shv duh ehlqj vruw rxw1 Ixuwkhupruh/ frqvlghu dovr wkh lqvxudqfh pdunhw1 Lw uhdglo| iroorzv

iurp wkh h{lvwhqfh ri d srrolqj htxloleulxp wkdw srrolqj ulvnv lv eh zhoiduh hqkdqflqj zkhq

wkh sursruwlrq ri orz0ulvn djhqwv lv odujh1 Dovr wkh prgho suhglfwv wkdw lq jhqhudo lw lv qrw

rswlpdo iru lqvxudqfh ?upv wr prqlwru shuihfwo| zkhwkhu dq dfflghqw rffxuuhg ru qrw1 Wklv

pd| h{sodlq zk| lq wkh fdu lqvxudqfh lqgxvwu| vrph dfflghqw dv dq vwrohq fdu udglr xvxdoo|

gr qrw uhtxluh wkdw wkh rzqhu ri wkh fdu suryhv wkdw wkh dfflghqw kdv wdnhq sodfh1
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Dgyhuvh Vhohfwlrq dqg Prudo Kd}ug4/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<6/ yro1 94/ qr1 5=

635063

^:` Errwk/ D1 dqg Iudqn/ M1/ 3Surgxfwlylw|/ Frpshqvdlrq dqg Shuirupdqfh Uhodwhg Sd|4

Mrxuqdo ri Oderu Hfrqrplfv +iruwkfrplqj,1

^;` Eurzq/ F1/ 3Ilupv Fkrlfh ri Phwkrg ri Sd|4 Lqgxvwuldo dqg Oderu Uhodwlrqv Uhylhz/

Mdqxdu| 4<<3/ yro1 76/ qr1 4/ 498V04;5V1

^<` Eurzq/ F1/ 3Zdjh Ohyhov dqg wkh Phwkrg ri Sd|4 Udqg Mrxuqdo ri Hfrqrplfv/ Dxwxpq

4<<5/ yro1 56/ qr1 6/ 69:0:81
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^43` Fkldssrul1 S1D1/ dqg Vdodqlh/ E1/ 3Hpslulfdo Frqwudfw Wkhru|= Wkh fdvh ri lqvxudqfh

gdwd4 Hxurshdq Hfrqrplf Uhylhz/ 4<<:/ yro1 74/ qr1 6/ <768831

^44` Fkr/ L1 dqg Nuhsv/ G1/ 3Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld4 Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ Iheuxdu| 4<;:/ yro1 435/ 4:<05551

^45` Gudjr/ U1 dqg Kh|zrrg/ M1V1/ 3Wkh Fkrlfh ri Sd|phqw V|vwhpv= Dxvwudoldq Hvwdeolvk0

phqw Gdwd4 Lqgxvwuldo Uhodwlrqv/ Rfwrehu/ 4<<8/ Yro1 67/ Qr 71

^46` Ihuqlh/ V1 dqg Phwfdoi/ G1/ 3Lw*v Qrw Zkdw \rx Sd| lw*v wkh Zd| wkdw \rx Sd| Lw

dqg Wkdw*v Zkdw Jhwv Uhvxowv= Mrfnh|*v Sd| dqg Shuirupdqfh4/ Fhqwuh iru Hfrqrplf

Shuirupdqfh/ Glvfxvvlrq Sdshu Qr1 5<8/ Pd| 4<<91

^47` Ihuqlh/ V1 dqg Phwfdoi/ G1/ 3+Qrw, Kdqjlqj rq wkh Whohskrqh= Sd|phqw V|vwhpv lq wkh

Qhz Vzhdwvkrsv4/ Fhqwuh iru Hfrqrplf Shuirupdqfh/ Glvfxvvlrq Sdshu Qr1 643/ Pd|

4<<:1

^48` Ihuudo/ F1/ 3Dq Hpslulfdo Dqdo|vlv ri Rffxsdwlrqdo Klhudufk|4 Mrxuqdo ri kxpdq Uh0

vrxufhv/ 4<<:/ yro1 65/ qr1 4= 40671

^49` Irvwhu/ D1G1 dqg Urvhqzhlj/ P1U1/ 3Frpsdudwlyh Dgydqwdjh/ Lqirupdwlrq dqg wkh Do0

orfdwlrq ri Zrunhuv wr Wdvnv= Hylghqfh iurp dq Djulfxowxudo Oderu Pdunhw4 Uhylhz ri

Hfrqrplf Vwxglhv/ 4<<9/ yro196= 67:06:71

^4:` Irvwhu/ D1G1 dqg Urvhqzhlj/ P1U1/ 3Lqirupdwlrq/ Ohduqlqj/ dqg Zdjh Udwhv lq Orz0

Lqfrph Uxudo Duhdv4 Mrxuqdo ri kxpdq Uhvrxufhv/ 4<<6/ yro1 5;/ qr1 7= :9<0<31

^4;` Jleev/ P1 3Lqfhqwlyh Frpshqvdwlrq lq d Frusrudwh Klhudufk|14 Mrxuqdo ri Dffrxqwlqj

dqg Hfrqrplfv/ 4<<8/ yro1 4</ qr1 7= 57:05::1

^4<` Jleev/ P1/ dqg Khqgulfnv/ Z1/ 3Duh Dgplqlvwudwlyh Sd| V|vwhpv d YhloB4 Xqlyhuvlw|

ri Plfkljdq Exvlqhvv Vfkrro Zrunlqj sdshu/ Mxqh 4<<91
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^53` Jleerqv/ U1V1/ dqg Pxusk|/ N1M1/ 3Uhodwlyh Shuirupdqfh Hydoxdwlrq iru Fklhi H{hfxwlyh

R!fh4/ Lqgxvwuldo dqg Oderu Uhodwlrqv Uhylhz/ Mdqxdu| 4<<3/ yro1 76/ qr1 4/ 4430455V1

^54` Khoozlj/ P1/ 3Vrph Uhfhqw Ghyhorsphqwv lq wkh Wkhru| ri Frpshwlwlrq lq Pdunhwv zlwk

Dgyhuvh Vhohfwlrq4 Hxurshdq Hfrqrplf Uhylhz/ 4<;:/ yro1 64/ qr1 6= 64<06581

^55` Kh|zrrg/ M1V1/ Vlhehuw/ Z1V1/ dqg [ldqgrqj/ Z1/ 3Sd|phqw e| Uhvxow V|vwhpv= DEul0

wlvk Hylghqfh4 Eulwlvk Mrxuqdo ri Lqgxvwuldo Uhodwlrqv/ PDufk/ 4<<:/ Yro1 68/ Qr 4=

40551

^56` Mhqvhq/P1F1/ dqg Pxusk|/ N1M1/ 3Shuirupdqfh Sd| dqg Wrs Pdqdjhphqw Lqfhqwlyhv4/

Mrxuqdo ri Srolwlfdo Hfrqrp|/ 4<<3/ yro1 <;/ qr1 5= 55805981

^57` Nkdolo/ P1 dqg Odzduhh/ P1/3Lqsxw yhuvxv Rxwsx Prqlwrulqj= Zkr lv wkh Uhvlgxdo

Fodlpdqw4/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<8/ yro1 :;/ qr1 5= 40471

^58` Ndsodq/ V1/ 3Wrs H{hfxwlyh Uhzdugv dqg Ilup Shuirupdqfh= D Frpsdulvrq ri Mdsdq

dqg Xqlwhg Vwdwhv4/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 4<<7/ yro1 435/ qr1 6= 84308791

^59` Od>rqw/ M1/ dqg M1 Wluroh/ 3Dgyhuvh Vhohfwlrq dqg Uhqhjrwldwlrq Lq Surfxuhphqw14 Uh0

ylhz ri Hfrqrplf Vwxglhv/ 4<<3/ yro18:= 8<:09581

^5:` Od>rqw/ M1/ dqg M1 Wluroh/ 3Dgyhuvh Vhohfwlrq dqg Uhqhjrwldwlrq Lq Surfxuhphqw14

Hfrqrphwulfd/ 4<;;/ yro189= 4486044:81

^5;` Odirqwdlqh/ I1/ 3Djhqf| Wkhru| dqg Iudqfklvlqj= Vrph Hpsulfdo Uhvxowv4Udqg Mrxuqdo

ri Hfrqrplfv/ Dxwxpq 4<<5/ yro1 56/ qr1 6/ 5960;61

^5<` Od}hdu/ H1S1/3Vdodulhv dqg Slhfh0udwhv4/ Mrxuqdo ri Exvlqhvv/ 8<= 73807641

^63` Od}hdu/ H1S1/3Shuirupdqfh dqg Surxfwlylw|14/ QEHU Zrunlqj sdshu 89:5/ Mxo| 4<<91

^64` Od}hdu/ H1S1/3Shuvrqqho Hfrqrplfv4/ Ervwrq/ PLW Suhvv/ 4<<81
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^65` Od}hdu/ H1S1/3Wkh Mre dv d Frqfhsw4/ lq Shuirupdqfh Phdvxuhphqw/ Hydoxdwlrqv/ dqg

Lqfhqwlyhv Euxqv/ Z1 +hgv1, Ervwrq/ Kduydug Exvlqhvv Vfkrro Suhvv1

^66` PdfOhrg/ E1 dqg Sduhqw/ G1/ 3MRe Fkdudfwhulvwlfv dqg wkh Irup ri Frpshqvdwlrq4

Fludqr Zrunlqj Sdshu <;v03;/ Pdufk/ 4<<;1

^67` Pdlodwk/ M1P/ 3Vljqdolqj Jdphv4 Uhfhqw Ghyhorsphqwv lq Jdph Wkhru|/ 4<<6/ yro1 93=

57405:91

^68` Pdlodwk/ M1P/ Rnxqr0Ixmlzduzd/ P1/ dqg Srvwohzdlwh/ D1/ 3Eholhi0Edvhg Uh?qhphqwv

lq Vljqdolqj Jdphv4 Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<6/ yro1 93= 57405:91

^69` Pxusk|/ N1M1/ 3Lqfhqwlyhv/ Ohduqlqj dqg Frpshqvdwlrq> D Wkhruhwlfdo dqg Hpslulfdo

Lqyhvwljdwlrq ri Pdqdjhuldo Oderu Frqwudfwv4 Wkh Udqg Mrxuqdo ri Hfrqrplfv/ Vsulqj

4<;9/ yro1 4:/ qr1 6= 8<0:91

^6:` Pxusk|/ N1M1/ 3Lqfhqwlyh Frusrudwh Shuirupdqfh dqg Pdqdjhuldo Uhpxqhudwlrq= Dq

hpslulfdo Dqdo|vlv4 Mrxuqdo ri Dffrxqwlqj dqg Hfrqrplfv/ 4<;8/ yro1 :/ qr1 7= 440751

^6;` Sdduvk/ K dqg Vkhduhu/ E1V1/ 3Vdodulhv/ Slhfh Udwhv/ dqg Lqwhuwhpsrudo Surgxfwlylw|=

D Vwxg| ri Wuhh Sodqwhuv lq Eulwlvk Froxpeld4 Xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw| ri

Odydo/ 4<<91

^6<` Suhqghujdvw/ F1/3Zkdw Kdsshqv zlwk IlupvB D Vxuyh| ri Hpslulfdo Hylghqfh rq Frp0

shqvdwlrq Srolflhv4/ QEHU Zrunlqj sdshu 8;35/ Rfwrehu 4<<91

^73` Suhqghujdvw/ F1/3Wkh Surylvlrq ri Lqfhqwlyhv lq Ilupv/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/

Yro1 6:/ qr1 4/ Pdufk 4<<<= :0961

^74` Shwhuvhq/ W1/ 3Uhzdug V|vwhpv dqg wkh Glvwulexwlrq ri Zdjhv4 Mrxuqdo ri Odz/ Hfr0

qrplfv dqg Rujdql}dwlrq/ Vhswhpehu 4<<4/ yro1 :/ 464048:1
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^75` Shwhuvhq/ W1/ 3Sd|phqw V|vwhpv dqg wkh Vwuxfwxuh ri Lqhtxdolw|= Frqfhswxdo Lvvxhv dqg

d Dqdo|vlv ri Vdohvshuvrqv lq Ghsduwphqw Vwruhv4 Dphulfdq Mrxuqdo ri Vrflrorj|/ Mxo|

4<<5/ yro1 <;/ :904371

^76` Urvhqwkdo/ U1Z1/ dqg D1Zhlvv/ 3Pl{hg0Vwudwhj| Htxloleulxp lq d Pdunhw zlwk Dv|p0

phwulf Lqirupdwlrq14 Uhylhz ri Hfrqrplf Vwxglhv/ 4<<7 OL= 66606751

^77` Urwkvfklog/ P1/ dqg Vwljolw}/ M1/3Htxloleulxp lq Frpshwlwlyh Lqvxudqfh Pdunhwv= Dq

Hvvd| rq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq14 Txduwhuo| Mrxuqdo ri Hfrqrplfv/

Iheuxdu| 4<:9= 95<097<1

^78` Vwljolw}/ M1/ 3Wkh Fdxvhv dqg Frqvhtxhqfhv ri wkh Ghshqghqfh ri Txdolw| rq Sulfh14

Mrxuqdo ri Hfrqrplf Olwhudwxuh/ Pdufk 4<;:= yro1 [[Y 407;1

^79` Vwljolw}/ M1/ dqg Zhlvv/ D1/ 3Fuhglw Udwlrqlqj lq Pdunhwv zlwk Lpshuihfw Lqirupdwlrq4

Dphulfdq Hfrqrplf Uhylhz/ Mxqh 4<;4/ yro1 :4/ 6<603<1

^7:` Zlvh/ D1/ 3Kxpdq Fdslwdo yv Vljqdoolqj H{sodqdwlrqv ri Zdjhv14 Wkh Mrxuqdo ri Hfr0

qrplfv Shuvshfwlyhv/ Idoo 4<<8/ yro1 </ qr1 7= 4660871
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Dsshqglfhv

D Wkh Htxloleulxp Frqfhsw= Qrwdwlrq dqg Gh?qlwlrqv

Wkh pdlq jrdo ri wkh dsshqglfhv lv wr vwdwh dqg suryh irupdoo| doo wkh sursrvlwlrqv lq wkh

wh{w dqg vkrz wkdw zh kdyh xqltxhqhvv ri htxloleulxp zkhq sxuh vwudwhjlhv duh doorzhg15;

Wkh wkuhh vwdjh vfuhhqlqj jdph lv ghvfulehg dv iroorzv1 Wkhuh duh wzr vhw ri sod|huv/

?upv dqg zrunhuv1 Zh ghqrwh wkh vhw ri w|shv e| X ' iwc wj/ zlwk wkh frpprq nqrzohgjh

sulru suredelolw| ri w ' w jlyhq e| > 5 dfc �o1 Hdfk ?up r>huv d frqwudfw äð 5 [ ' iäð '
Eçðc çðä 5 ? G çð è çð è fc iru ð ' �c ééécùj1 Zrunhuv vhhlqj wkh vhw ri frqwudfwv r>huhg

ä ' ^ð'ùð'� äð ghflghv wr zklfk frqwudfw wr dsso|1 Ilupv vhhlqj wkdw/ uhvsrqg zlwk hlwkhu

dq dffhswdqfh ri uhmhfwlrq ri hdfk frqwudfw dssolfdwlrq1 D zrunhu* sxuh vwudwhj| lv ghqrwhg

e| jw ' Ejw�cééécjwùä/ zkhuh jwð G X û ä $ iqrw dsso|/ dsso|j dqg d ?up*v sxuh vwudwhj|

lv ghqrwhg e| E4ðc òä ' E4ðc ò�céééc òùä iru doo äð/ zkhuh 4ð G X û [ $ iuhmhfw/ dffhswj dqg
òð G [$ iqrw r>hu/ r>huj1

Gh?qlwlrq 4 C ì Ee>c jwc 4c ää lv d sxuh Shuihfw Ed|hvldq Htxloleulxp li=

å� G ;äðc 4ð 5 @h}4@ 
ùS
ð'�

wS
w

ie>Ew m äðäã EjwðäZEwc äðäjã E4ðä/
zkhuh ZEwc äðä ì wk+ n E� ý wäk+ ý Ewçð n E�ý wäçðä/ ã E4ðä ' � li 4ð 'dffhsw dqg 3

rwkhuzlvh/ ã Ejwðä ' � li jwð 'dsso| dqg 3 rwkhuzlvh1

å2 G ;wc jw 5 @h}4@ T EwcCä/

zkhuh T EwcCä ì
ùS
ð'�

EwLEçðä n E�ý wäLEçðääã Ejwðäã E4ðä
åô G ;äð 5 äc> 5 dfc �o/ ò& 5 @h}4@ ZE>cCäc

zkhuh ZE>cCä ì
ùS
ð'�

i
wS
w

e>Ew m äðäã EjwðäZEwc äðäjã E4ðäã Eòðä/ zkhuh ã Eòwðä ' � li òwð 'r>hu

dqg 3 rwkhuzlvh
5;Wkh vdph uhvxow krogv zkhq pl{ vwudwhjlhv duh doorzhg1 Iru wkh vdnh ri vlpsolflw| zh irfxv rq sxuh

vwudwhjlhv1 Iru d pruh irupdo mxvwl?fdwlrq ri zk| irfxv rqo| lq sxuh vwudwhjlhv vhh Pdlodwk +4<<5,1

6;



î G e>Eüä lv Ed|hvldq frqvlvwhqw zlwk sulru >/ ?upv* dqg zrunhuv* htxloleulxp vwudwhjlhv dqg

revhuyhg dfwlrqv zkhqhyhu srvvleoh/ l1h1/
wS
w

e>Ew m äðäã Ejwðä : fc rwkhuzlvh e>Eüä lv duelwudulo|
fkrvhq1 Dv xvxdo wkh jdph lv vroyhg edfnzdugv/ vwduwlqj iurp vwdjh 6 dqg uroolqj edfn wkh

rswlpdo vwudwhjlhv xs wr vwdjh 41

Zh ghqrwh wkh vljqdoolqj vxe0jdph e| C dqg wkh vhw ri sxuh vwudwhj| SEHv iru wkh

vljqdoolqj vxe0jdph e| å7. ECä1

Gh?qlwlrq 5 \ ì Ee>c jwc 4ä 5 å7. ECä ghihdwv \
â ì Ee>âc jâwc 4âðä 5 å7. ECä li <äð 5 ä

vxfk wkdw=

F4= ;w 5 X G j
â
wEäðä 9' f dqg g ì iw 5 X G jwEäðä ' �j 9' èc

F5= ;w 5 g G T Ewc\ä è T Ewc\â
ä dqg <w 5 g G T Ewc\ä : T Ewc\

â
ä> dqg

F6= <w 5 g G e>âEw m äðä 9' >EwäqEwäS
w
âMX

>Ew
â
äqEw

â
ä
ì >Ewc qEwää iru dq| q G X$ dfc �o vdwlvi|lqj

+l, w
â 5 g dqg T Ew

â
c\ä : T Ew

â
c\

â
äc qEw

â
ä ' � dqg

+ll, w
â
*5 gc qEwâä ' fé

Zh vd| wkdw d SEH \ lv xqghihdwhg li wkhuh lv qr rwkhu SEH \â wkdw ghihdwv \1

Gh?qlwlrq 6 Wkh wkuhh vwdjh vfuhhqlqj jdph kdv dq htxloleulxp li wkh vhw ri frqwudfwv r>hu

jlyh ulvhv wr dq xqghihdwhg SEH ri wkh vljqdoolqj vxe0jdph> l1h1/ vwdjhv 5 dqg 6/ zlwk uhvshfw

wr doo srvvleoh SEHv wkdw pd| dulvh iurp dq| ihdvleoh vhw ri frqwudfwv wkdw ?upv pd| r>hu lq

vwdjh 41

Ohw gh?qh

õ
är
w
c ärw

ô 5 @h} 4@ 
tçrw cçrwåwwMäð

wLEçr
w
ä n E�ý wäLEçr

w
ä +:,

vxemhfw wr
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wLEçrwä n E�ý wäLEçrwä è wLEçrwä n E�ý wäLEçr
w
äc +EUäwä,

wLEçr
w
ä n E�ý wäLEçr

w
ä è wLEçrwä n E�ý wäLEçrwäc +EUäwä,

wLEçrwä n E�ý wäLEçrwä è LEfäc +EU-wä,

+Ewä è wçr
w
n E�ý wäçr

w
c +E~åwä,

+Ewä è wçrw n E�ý wäçrwé +E~åwä,

dqg

iäRj 5 @h} 4@ 
tçRcçRåMäð

wLEçRä n E�ý wäLEçRä +;,

vxemhfw wr

wLEçRä n E�ý wäLEçRä è LEfäc +EU-wä,

+
íewì è ewçR n E�ý ewäçRc +E~åewä,

zkhuh ew ' >w n E�ý >äw1
Ohw gh?qh dovr wkh ?uvw0ehvw frqwudfw

äWw 5 @h}4@ iT Ewc äðä G ZEwc äðä è fc äð 5 äj/ +<,
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dqg

äW
w
5 @h}4@ iT Ewc äðä G ZEwc äðä è fc äð 5 äj1

Rxu dvvxpswlrqv hqvxuh wkdw äWw dqg äW
w
h{lw dqg duh xqltxh1 Pruhryhu/ T Ewc äWw ä : f

dqg ZEwc äWw ä ' f iru w 5 iwc wj1
Ilqdoo|/ ehfdxvh Suhihuhqfhv vdwlvi| wkh Vshqfh0Pluuohvv*v vlqjoh furvvlqj surshuw| +khuh0

diwhu/ VFS, dqg LEçä lv vwulfwo| frqfdyh _
_ç
ET Ewcää
T Ewcää

ä : f> wkdw lv/ sd|lqj d kljkhu zdjh zkhq

wkh kljk rxwsxw lv uhdol}hg lqfuhdvhv kljk delolw| zrunhuv* h{shfwhg xwlolw|/ sursruwlrqdoo|

pruh wkdq lqfuhdvhv orz delolw| zrunhuv* h{shfwhg xwlolw|1

E Surri ri Sursrvlwlrqv 41

Wkh surri ri sursrvlwlrq 4 uhtxluhv wr suryh ?uvw d vhulhv ri ohppdv1

Ohppd 4 Iru dq| sdluv ri frqwudfwv zlwk wkh vdph xwlolw| ohyho/ ?upv dozd|v suhihu wkh rqh

zlwk ohvv zdjh glvshuvlrq1

Surri1 Iru dq| frqwudfw äð ì Eçðc çðä wkdw r>huv d kljkhu zdjh iru d kljkhu uhdol}dwlrq ri

rxwsxw wr d w0w|sh zrunhu d ?up*v lvr0sur?w fxuyh lv vwhhshu wkdq wkh zrunhuv lqgl>huhqfh

fxuyh1 Uhfdoo wkdw wkh h{shfwhg sur?w frplqj iurp d w0zrunhu lv ZEäðc wä ' wEk7+ ý çðää n
E�ýwäEk+ýçðää1 Wkh devroxwh ydoxh ri wkh vorsh ri ?up l *v lvr0sur?w fxuyh zkhq d w0zrunhu

lv kluhg lv

ññññ_çð_çð
m_ZEäðcwä'f

ññññ ' w

E�ý wä dqg wkh devroxwh ydoxh ri wkh vorsh ri wkh lqgl>huhqfh

fxuyh iru w0zrunhu lv

ññññ_çð_çð
m_LEä&ð cwä'f

ññññ ' L âEçðäw
L âEçðäE�ý wä

1 Vlqfh çð è çð dqg LEüä lv vwulfwo|
frqfdyh/ lw iroorzv wkdw L âEçðä è L âEçðä/ wkhuhiruh wkh lvr0sur?w fxuyh lv vwhhshu wkdq wkh

lqgl>huhqfh fxuyh iru dq| delolw| ohyho/ zklfk phdqv wkdw ?up l *v h{shfwhg sur?w lqfuhdvhv

dv wkh frqwudfw r>huhg pryhv wrzdug wkh ?{hg0zdjh frqwudfw wkurxjk wkh vdph lqgl>huhqfh

fxuyh1
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Ohppd 5 Lq dq| SEH/ ghqrwhg e| C/ orz0delolw| zrunhuv* htxloleulxp sd|r> lv dw ohdvw

dv odujh dv wkh sd|r> wkdw wkh| zrxog rewdlq xqghu shuihfw lqirupdwlrq> wkdw lv/ T EwcCä è
T Ewc äWw c �äé

5<

Surri1 Zh zloo suryh wklv e| frqwudglfwlrq1 Vxssrvh qrw/ wkhq wkhuh h{lvwv d SEH/ Câ/

vxfk wkdw T EwcC
â
ä ÷ T Ewc äWw c �ä1 E| ohppd 4 wkhuh lv d ixoo lqvxudqfh frqwudfw/ ä âc wkdw

surylghv orz0delolw| zrunhuv zlwk dw ohdvw wkh vdph h{shfwhg sd|r> wkdq C
â
grhv/ T EwcC

â
ä '

T Ewc ä
â
c �äc dqg |lhogv/ gxh wr VFS/ srvlwlyh h{shfwhg sur?wv zkhq lv fkrvhq e| hlwkhu orz0

ru kljk0delolw| zrunhuv ru erwk EZEwc ä âä : fc;w 5 Xä1 Wklv lpsolhv wkdw ä â |lhogv srvlwlyh

h{shfwhg sur?wv iru dq| eholhiv wkdw ?upv frxog krog/ dqg wkhuhiruh/ doo ?upv r>hulqj ä â

dffhsw doo wkh dssolfdqwv wr ä âé Vlqfh/ zh dvvxph z1o1r1j1 wkdw wkhuh lv d ?up l zklfk

uhfhlyh d vpdoo qxpehu ri dssolfdqwv/ ?up l fdq ghyldwh dqg r>hu ä
ââ
ð / zkhuh ä

ââ
ð lv vxfk wkdw

T Ewc ä
ââ
ð c �ä : T Ewc ä

â
c �ä dqg dwwudfwv doo zrunhuv wkdw duh dsso|lqj wr ä âé Lq dgglwlrq/ vlqfh

ZEwc ä âä : f iru dq| e> 5 dfc �o lw iroorzv e| frqwlqxlw| ri wkh sur?w ixqfwlrq wkdw ZEe>cä ââ
ð ä : f

iru dq| e> 5 dfc �oé Wkhuhiruh/ qr pdwwhu zklfk duh ?up l *v eholhiv lw kdv d sur?wdeoh ghyldwlrq

frqwudglfwlqj wkdw C lv SEH1

Ohppd 6 Iru dq| SEH lw lv dozd|v srvvleoh wr ?qg dqrwkhu SEH lq zklfk dorqj wkh htxl0

oleulxp sdwk dw prvw wzr ri wkh frqwudfwv r>huhg dw vwdjh 5 duh fkrvhq/ l1h1/ wkhuh duh dw prvw

wzr äð 5 ä zlwk hlwkhu jwEäðä : f ru jwEäðä : fé

Vlqfh zh duh pruh frqfhuqhg zlwk htxloleulxp rxwfrphv wkdq htxloleulxp vwudwhjlhv/

wkh surri frqvlvwv lq ?qglqj iru dq| SEH qhz vwudwhjlhv wkdw |lhogv wkh vdph htxloleulxp

rxwfrphv exw dw prvw wzr frqwudfwv duh fkrvhq lq htxloleulxp1

Surri1 Wdnh dq| SEH dqg ghqrwh lw e| Cé Vxssrvh wkdw dw ohdvw 6 frqwudfwv r>huhg lq vwdjh

4 duh fkrvhq/ l1h1/ hlwkhu jwEäðä : f ru jwEäðä : f ru erwk iru dw ohdvw wkuhh frqwudfwv1

5<Zlwk vrph dexvh ri qrwdwlrq Y +ë>ö, lv wkh h{shfwhg sd|r> wkdw d ë0zrunhu jhwv lq wkh SEH ö=
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Ohw äw eh wkh frqwudfw/ dprqj doo äð 5 ä vxfk wkdw jwEäðä : fc wkdw jlyhv ulvhv wr

wkh kljkhvw vwdjh 6 eholhiv e>Ew m äðä dqg ohw gh?qh äw lq wkh vdph zd|/ exw äw pd{lpl}hv

e>Ew m äðäc l1h1/ äw Eäwä lv wkh frqwudfw prvw riwhq fkrvhq e| kljk +orz, delolw| zrunhuv1

Ohw > ' e>Ew m äwä dqg > ' e>Ew m äwä dqg gh?qh wkh iroorzlqj vwudwhjlhv>

j
â
w
Eäwä '

>E>3>äe>E>3>ä / jâwEäwä ' >E>3>äe>E>3>ä c jâwEäwä ' E�3>äE>3>ä
E�3e>äE>3>ä dqg jâwEäwä ' E�3>äE>3>ä

E�3e>äE>3>ä é
Frqvlghu wkh iroorzlqj vwudwhjlhv=

Vwdjh 4= Ilupv r>hu wkh vdph vhwv ri frqwudfwv1

Vwdjh 5= Kljk delolw| zrunhuv* sod| äw zlwk suredelolw| j
â
w
Eäwä dqg äw zlwk suredelolw|

�ý jâ
w
Eäwäc dqg jwEäðä ' f rwkhuzlvh1

Orz delolw| zrunhuv* sod| äw zlwk suredelolw| j
â
wEäwä dqg äw zlwk suredelolw| �ýjâwEäwäc

dqg jwEäðä ' f rwkhuzlvh1

Vwdjh 6= 4
â
ðEäðä ' 4ðEäðäc ;äð 5 ä1

Lw lv hdv| wr vkrz wkdw wklv qhz vwudwhjlhv jlyh ulvhv wr vdph eholhiv lq vwdjh 6/ wkhuhiruh

li 4ðEäðä zdv dq htxloleulxp xqghu C lw pxvw eh dq htxloleulxp xqghu wkh qhz vwudwhjlhv1

Lq vwdjh 5/ d zrunhu ri w|sh w lv zloolqj wr udqgrpl}h ehwzhhq wzr ru pruh frqwudfwv li dqg

rqo| li T Ewc ä
ââ
ð ä4ðEä

ââ
ð ä ' T Ewc ä

â
ðä4ðEä

â
ðäé Vlqfh/ vwdjh 6 vwudwhjlhv kdyh qrw fkdqjhg/ ?upv duh

r>hulqj wkh vdph vhwv ri frqwudfwv dw vwdjh 4/ ZEe>cäðä ' fc ;äð 5 ä vxfk wkdw j
â
wEäwä : fc

;w 5 X dqg doo ri wkhp jlyh wkh vdph h{shfwhg xwlolw|/ wkhq lw pxvw eh fdvh wkdw fkrrvlqj

dw prvw wzr frqwudfwv |lhogv wkh vdph h{shfwhg xwlolw| wr d w0zrunhu/ ;w 5 X dqg wkh vdph

h{shfwhg sur?wv wr hdfk ?up
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Jlyhq wklv ohppd iurp qrz rq zh zloo frqfhqwudwh lq wkh fdvh lq zklfk hdfk ?up r>hu

dw prvw wzr frqwudfwv163

Ohppd 7 Lq dq| ixoo| vhsdudwlqj SEH/ ghqrwhg e| C/ orz0delolw| zrunhuv* htxloleulxp sd|0

r>/ lv T Ewc äWw ä/ wkh sd|r> wkdw wkh| zrxog rewdlq lq wkh shuihfw lqirupdwlrq fdvh1

Surri1 Ohw wkh frqwudfw fkrvhq rqo| e| orz0delolw| zrunhuv eh ghqrwhg e| äwé E| ohppd

5 wkh htxloleulxp sd|r> ri wklv frqwudfw lv vr wkdw T Ewc äwc 4wä è T Ewc äWw ä1 E| ohppd 4/

dq| frqwudfw äw 9' ärw wkdw vdwlv?hv T Ewc äwc 4wä è T Ewc ärwä |lhogv qhjdwlyh h{shfwhg sur?wv

zkhq lv fkrvhq rqo| e| orz delolw| zrunhuv/ ZEwc äwä ÷ f/ wkhuhiruh 4ðEäwä ' f1 Vr/ äw zloo

eh dffhswhg zlwk srvlwlyh suredelolw| li dqg rqo| li |lhogv qrq0qhjdwlyh sur?wv zkhq fkrvhq

rqo| e| orz delolw| zrunhuv1 Wklv/ lpsolhv wkdw T Ewc äwc4wä ÷ T Ewc ä
r
wä/ frqwudglfwlqj ohppd

51 Wkhuhiruh/ wkh rqo| srvvleoh frqwudfw wkdw lv fkrvhq rqo| e| orz delolw| zrunhuv dqg lv

dffhswhg lq htxloleulxp lv äWw 1 Wklv suryhv wkdw T Ewc äwc 4wä ' T Ewc ä
W
w ä1

Ohppd 8 Lq dq| ixoo| vhsdudwlqj XSEH/ ghqrwhg e| \c kljk0delolw| zrunhuv* htxloleulxp

sd|r> lv dw ohdvw dv odujh dv T Ewc är
w
äé

Surri1 Vxssrvh qrw/ wkhq wkhuh h{lvwv ixoo| vhsdudwlqj/ \â/ vxfk wkdw T Ewc\âä ÷ T Ewc är
w
ä1

Ohw ä â ' iä â�c äWw c ä�jc zkhuh T Ewc ä�ä è T Ewc är
w
ä1 E| ohppdv 5/ 6 dqg 7/ lw pxvw eh

wkh fdvh wkdw T Ewc ä â�c 4
â
�ä : T Ewc äWw c 4

â
wä/ T Ewc ä

W
w c 4

â
wä è T Ewc ä â�c 4

â
�äé Khqfh/ j

â
w
Eä â�ä ' �/

jâwEä
â
�ä 5 dfc �ä/ jâwEä

W
w ä 5 dfc �o/ e>âEw m äWw ä ' � dqg e>âEw m ä â�ä 5 E>c �oé Wklv lv dq htxloleulxp

li dqg rqo| li T Ewc ä�ä4â� ÷ T Ewc är
w
ä dqg T Ewc äWw c 4

â
wä è T Ewc ä�c 4

â
�ä/ zklfk uhtxluhv wkdw

ZEe>âEw m ä�äc ä�ä ' f1 Wkhuhiruh/ e>âEw m ä�ä 5 dfc e>âWEw m ä�äoc zkhuh e>âWEw m ä�ä vroyhv
63Wkhuh lv vrph orvw ri jhqhudolw| khuh/ vlqfh wkhuh duh vrph htxloleuld wkdw xvh pruh wkdq wzr frqwudfwv/

wkrxjk wkhvh htxloleuld kdyh wkh vdph rxwfrphv wkdq wkh fruuhvsrqglqj htxloleuld zlwk wzr frqwudfwv1 Jlyhq

wkdw rxu pdlq frqfhuq duh wkh htxloleulxp rxwfrph dqg wkdw wkh uh?qhphqw wkdw zh xvh lq wkh VVJ vhohfw dv

xqltxh htxloleuld wkh ehvw vhsdudwlqj htxloleulxp dqg wkh sduhwr rswlpdo srrolqj htxloleulxp/ wklv uhvwulfwlrq

kdv qr d>hfw rq wkh vroxwlrq ri wkh zkroh jdph1
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ZEe>âEw m ä�äc ä�ä ' f1 Qrwlfh wkdw e>âWEw m ä�ä ÷ >c rwkhuzlvh vrph ?upv zloo r>hu ä� dqg
dffhsw doo wkh dssolfdqwv wr ä� dqg dw ohdvw euhdn hyhq1 Wkhvh ?upv euhdn hyhq vlqfh doo

kljk0 dqg orz0delolw| zrunhuv zloo dsso| wr ä� ehfdxvh T Ewc ä�ä è T Ewc ärwä : T Ewc ä â�ä dqg
dq| frqwudfw vxfk wkdw T Ewc ä�ä è T Ewc ärwä vdwlv?hv wkh iroorzlqj T Ewc ä�ä è T Ewc ä â�ä1

Ohw ä ' iä�c äWw c ä â�j1 eh wkh vhw ri r>huv lq wkh SEH \é E| ohppdv 5/ 6 dqg 7/ lw pxvw eh

wkh fdvh wkdw T Ewc ä�c 4�ä : T Ewc ä
W
w c 4

W
wä/ T Ewc ä�c 4�ä è T Ewc ärwäc T Ewc äWw c 4Wwä è T Ewc ä�c 4�äé

Khqfh/ jwEä�ä ' �/ jwEä�ä 5 dfc �o/ jwEäWw ä 5 Efc �o/ e>Ew m äWw ä ' � dqg e>Ew m ä�ä 5 E>c �o1

Vlqfh lq \â/ jwEä�ä ' fc ;w 5 Xc dqg lq \c jwEä�ä ' �/ g ' iwj +li jwEä�ä : fc wkhq

g ' Xäc zklfk lv qrq0hpsw|/ vdwlvi|lqj F4 ri rxu uh?qhphqw frqfhsw1 Frqglwlrq F5 lv

vdwlv?hg ehfdxvh T Ewc\ä ' T Ewc\âä dqg T Ewc\ä : T Ewc\âä1 Lq wkh fdvh lq zklfk g ' iwj
frqglwlrq F6 lpsrvhv wkdw qEwä ' �c qEwä ' fc wkhuhiruh >Ewc qEwää ' � zklfk lv gl>huhqw

iurp e>âEw m ä�äé Wkhuhiruh/ \ ghihdwv dq| vhsdudwlqj SEH/ \â/ lq zklfk T Ewc\âä ÷ T Ewc är
w
ä1

Li g ' X frqglwlrq F6 lpsrvhv wkdw qEwä ' �c qEwä 5 dfc �oc wkhuhiruh >Ewc qEwää 5 d>c �o dqg

>Ewc qEwää 5 dfc >oc zklfk duh gl>huhqw iurp e>âEw m ä�ä dqg e>âEw m ä�ä ehfdxvh ri e>âWEw m ä�ä ÷
>1

Wklv suryhv wkdw dq| ixoo| vhsdudwlqj XSEH wkdw r>huv wr kljk0delolw| zrunhuv dq h{shfwhg

sd|r> orzhu wkdq T Ewc är
w
ä lv ghihdwhg e| d SEH wkdw r>huv dw ohdvw T Ewc är

w
ä wr kljk0delolw|

zrunhuv dqg T Ewc äWw ä wr orz0delolw| zrunhuv1

Ohppd 9 Lq dq| ixoo| vhsdudwlqj/ ghqrwhg e| \/ kljk0delolw| zrunhuv* htxloleulxp sd|r> lv

htxdo wr wkh h{shfwhg sd|r> iurp frqwudfw är
w
/ T Ewc är

w
ä1

Surri1 Vxssrvh wkhuh h{lvw d SEH/ ghqrwhg e| \
â
/ vr wkdw T Ewc\

â
ä 9' T Ewc är

w
ä1 E| ohppdv

8 dqg 7/ lq dq| vhsdudwlqj/ ;äð 5 ä vxfk wkdw jwEäðä : f/ T Ewc äðc 4ðä ' T Ewc äWw ä dqg

;äð 5 ä vxfk wkdw jwEäðä : fc T Ewc äðc 4ðä è T Ewc är
w
ä dqg ZEwc äðä è f1 Pruhryhu/ vlqfh

ZEwc är
w
ä ' f dqg wkh lvr0sur?w ixqfwlrq lv qhjdwlyho| vorshg dq| frqwudfw äð 9' är

w
vxfk

wkdw T Ewc äðc 4ðä : T Ewc ä
r
w
ä dqg ZEwc äðä è f pxvw vdwlvi| wkh iroorzlqj LEçðä ÷ LEçrä dqg
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LEçðä : LEç
rä1 E| VFS dq| frqwudfw äð vxfk wkdw T Ewc äðc 4ä : T Ewc ärwä lv dovr suhihuuhg

e| orz0delolw| zrunhuv/ vr lw pxvw eh wkh fdvh wkdw
T Ewcärw ä

T Ewcäðä
è 4Eäðä dqg 4Eäðä :

T Ewcär
w
ä

T Ewcäðä
c

;äð 5 ä vxfk wkdw jwEäðä ' � dqg jwEäðä : f1 Frpelqlqj wkhvh wzr lqhtxdolwlhv zh jhw wkdw

T Ewcäðä
T Ewcäðä

:
T Ewcär

w
ä

T Ewcärw ä
'

T Ewcär
w
ä

T Ewcär
w
ä
/ zkhuh wkh htxdolw| iroorzv iurp wkh gh?qlwlrq ri är

w
dqg äWw 1 Wklv

soxv LEçðä ÷ LEçrä dqg LEçðä : LEç
rä frqwudglfwv _

_ç
ET Ewcää
T Ewcää

ä : f1 Wkhuhiruh/ wkhuh lv qr

ixoo| vhsdudwlqj ru vhpl0vhsdudwlqj SEH zkhuh T Ewc\
â
ä 9' T Ewc är

w
ä1

Ohppd : Wkh frqwudfw äR lv d SEH ri wkh vljqdoolqj vxe0jdph1

Surri1 Uhfdoo wkdw äR lv wkh vroxwlrq wr surjudp LL deryh1

Wkh ?uvw0rughu frqglwlrqv iru wklv surjudp duh/

wL
â
EçRä n ewb� ý b2wL â

EçRä ' fc +43,

E�ý wäL â
EçRä n E�ý ewäb� ý b2E�ý wäL â

EçRä ' fé +44,

Li zh dvvxph wkdw orz0delolw| zrunhuv* sduwlflsdwlrq frqvwudlqw lv qrw elqglqj/ wkhq b2 ' f

dqg iurp 43 dqg 44 lw iroorzv wkdw/

L
â
EçRä

L âEçRä
'
ew
w

E�ý wä
E�ý ewä é +45,

Khqfh/ zh kdyh wkdw çRð : çRð è fé Wklv suryhv wkdw orz0delolw| zrunhuv* sduwlflsdwlrq

frqvwudlqw lv qrw elqglqj/ wkhuhiruh/ dvvxplqj b2 ' f lpsrvh qr uhvwulfwlrqv rq wkh vroxwlrq1

Wr suryh wkdw wkhuh lv d SEH ri wkh VVJ wkdw vxvwdlq äR dv d SEH/ qrwlfh ?uvw wkdw e|

gh?qlwlrq äR pd{lpl}hv kljk0delolw| zrunhuv* h{shfwhg sd|r> dqg euhdnv hyhq rqo| dw wkh

srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ wkhuhiruh ZEwc äRä ÷ f1 Wr suryh wkdw äR fdq eh

vxssruwhg dv SEH frqvlghu wkh iroorzlqj vwudwhjlhv=

Vwdjh 4= äð ' iäRj iru ð 8 & ÷ ù dqg äð ' iä âj iru ð : &1
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Vwdjh 5= jwEä
Rä ' � dqg jwEäRä ' �é

Vwdjh 6= 4ðEä
Rä ' � dqg 4ðEä

âä ' �c ;ä â 5 ä vxfk wkdw ZEwc ä âä è fé

Rq0wkh0htxloleulxp0sdwk eholhiv= e>Ew m äRä ' >1
R>0wkh0htxloleulxp0sdwk eholhiv= e>Ew m ä âä ' fc ;ä â 9' äRé
Lw lv hdv| wr fkhfn wkdw wkhvh vwudwhjlhv vdwlvi| wkh SEH uhtxluhphqwv1

Ohppd ; Wkh frqwudfwv ärw dqg ä
r
w
duh d SEH ri wkh vljqdoolqj vxe0jdph1

Surri1 Uhfdoo wkdw frqwudfw är
w
pd{lpl}hv kljk0delolw| zrunhuv h{shfwhg sd|r> vxemhfw wr

wkdw orz0delolw| zrunhuv gr qrw plplf kljk0delolw| zrunhuv1

Wkh ?uvw0rughu frqglwlrqv iru surjudp LL zkhq kljk0delolw| zrunhuv* lqfhqwlyh frpsdwl0

elolw| frqvwudlqw lv ljqruhg duh

çrw G b2w n b�wL
âEçrwä 8 fc

çrw G b2E�ý wä n b�E�ý wäL âEçrwä 8 fc

çr
w
G Ew ý b�wäL âEçrwä n wbô 8 fc

çr
w
G E�ý w ý b�E�ý wääL â

Eçr
w
ä n E�ý wäbô 8 fé

Iurp wklv lw iroorzv lpphgldwho| wkdw çrw ' çrw ' çrw dqg iurp ~åw zh nqrz wkdw

çrw ' +Ewäé

Vroylqj iru b�c b2 dqg bôc

b� '
�
�r

ý
E�ý wäwEL âEçr

w
äý L âEçr

w
ää
ü
: f +46,

b2 '
�
�r

ý
E�ý wäwEL âEçr

w
äý L âEçr

w
ää
ü
L âEçrwä : f +47,
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bô ' ý Ew3wä
�r L

âEçr
w
äL âEçr

w
ä : f +48,

zkhuh �r ' E�ý wäwL âEçr
w
äý wE�ý wäL âEçr

w
ä ÷ fé

Fkhfnlqj wkdw kljk0delolw| zrunhuv* lqfhqwlyh frpsdwlelolw| frqvwudlqw lv qrw elqglqj lv

vlpsoh/ mxvw qrwlfh wkdw vlqfh çr
w
: çr

w
dqg w : wc wLEçr

w
ä n E�ý wäLEçr

w
ä : wLEçr

w
ä n E�ý

wäLEçr
w
ä ' LEçrwä ' wLEç

r
wä n E�ý wäLEçrwäé

Vr/ är
w
jlyhv wkh kljkhu h{shfwhg sd|r> wr kljk0delolw| zrunhuv dprqj doo vhsdudwlqj1 Lq

rughu wr vxvwdlq wkh vroxwlrq wr surjudp LL dv d SEH frqvlghu wkh iroorzlqj vwudwhjlhv dqg

eholhiv1

Vwdjh 4= äð ' iärwj iru ð 8 & ÷ ù dqg äð ' iärwj iru ð : &1
Vwdjh 5= jwEä

r
w
ä ' � dqg jwEärwä ' �é

Vwdjh 6= 4ðEä
r
w
ä ' � dqg 4ðEä

r
wä ' �é

Rq0wkh0htxloleulxp0sdwk eholhiv= e>Ew m är
w
ä ' � dqg e>Ew m ärwä ' �é

R>0wkh0htxloleulxp0sdwk eholhiv= e>Ew m ä âä ' f/ ;ä â 9' är
w
1

Lw lv hdv| wr fkhfn wkdw wkhvh vwudwhjlhv vdwlvi| wkh SEH uhtxluhphqwv1

Surri ri Sursrvlwlrq 4 Iru > ÷ h>c wkhuh lv d xqltxh XSEH lq zklfk hyhu| ?up r>huv

ä ' iärw c ärwjc orz0delolw| zrunhuv fkrrvh ärw zlwk suredelolw| 4 dqg kljk delolw| zrunhuv
fkrrvh är

w
zlwk suredelolw| 4 dqg hyhu| ?up dffhswv ärw dqg ä

r
w
zlwk suredelolw| 41 Iru

> è h>c wkhuh lv d xqltxh XSEH lq zklfk hyhu| ?up r>huv äð ' iäRj ;ð/ erwk w|shv ri

zrunhuv fkrrvh äR zlwk suredelolw| 4 dqg äR lv dffhswhg zlwk suredelolw| 41

Surri1

Sduw 4= > 8 h>1
Vxssrvh wkhuh h{lwv d SEH/ \c wkdw ghihdwv \r64> wkdw lv/ wkhuh h{lvwv d frqwudfw äæ 5 ä

vxfk wkdw jrwEäæä ' fc ;w 5 X dqg jwEäæä : f iru vrph w 5 X vr wkdw ä2 dqg äô duh vdwlv?hg1

64óv ghqrwhv wkh SEH ri VVJ wkdw vxvwdlq wkh frqwudfwv Fv
ë
dqg Fvë dv d SEH1
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E| ohppdv 7 dqg 8 lq dq| ixoo| vhsdudwlqj SEH/ T Ewc\ä ' T Ewc är
w
ä dqg T Ewc\ä '

T Ewc ärwäé Wklv lpsolhv wkdw wkhuh lv qr ixoo| vhsdudwlqj SEH gl>huhqw iurp \r wkdw vdwlv?hv

frqglwlrqv ä2 dqg äô1 Wkhuhiruh/ wkhuh lv qr vhsdudwlqj SEH wkdw ghihdwv \r1 E| gh?qlwlrq

ri h>c zkhq > ÷ h>c wkh kljkhvw sd|r> wkdw kljk0delolw| zrunhuv fdq jhw lq d srrolqj SEH

lv vxfk wkdw T Ewc äRä ÷ T Ewc är
w
äé Vlqfh äR zloo eh d srrolqj htxloleulxp lw lv wkh fdvh wkdw

äæ 5 ä vxfk wkdw jrwEä
Rä ' fc ;w 5 X dqg jwEäRä : fc wkhuhiruh/ g ' X dqg frqglwlrq ä2 lv

lpphgldwho| ylrodwhg1 Wkhuhiruh/ zkhq > 8 h> wkhuh lv qr SEH wkdw ghihdwv \ré Xqltxhqhvv

iroorzv iurp wkh idfw li d vhpl0vhsdudwlqj htxloleulxp h{lvwv rqo| orz0delolw| zrunhuv sod|

pl{ vwudwhjlhv lq zklfk fdvh/ wkh rqo| frqwudfw wkdw euhdnv hyhq zkhq fkrvhq rqo| e| kljk0

delolw| zrunhuv lv är
w
é Ixuwkhupruh/ dq| frqwudfw fkrvhq e| orz0delolw| zrunhuv pxvw surplvh

d sd|r> ri T Ewc ärwä zklfk lv htxdo wr T Ewc är
w
äé

Sduw 5= > : h>é
Zkhq > : h>c e| gh?qlwlrq ri h> wkh kljkhvw sd|r> wkdw kljk0delolw| zrunhuv fdq jhw lq

d srrolqj SEH lv vxfk wkdw T Ewc äRä : T Ewc är
w
ä dqg T Ewc äRä : T Ewc ärwäé Wkhuhiruh/ lw lv

wulyldo wr vkrz wkdw \r lv ghihdwhg e| \R651 Wkh txhvwlrq lv zkhwkhu wkhuh lv dqrwkhu srrolqj

htxloleulxp ehvlghv \R wkdw lv xqghihdwhg1

Vxssrvh wkhuh h{lvwv d SEH ghqrwhg e| \R
â
wkdw ghihdwv \Ré Uhfdoo wkdw e| gh?qlwlrq/ äR

lv/ dprqj doo srvvleoh frqwudfwv xvhg lq dq| SEH/ wkh frqwudfw wkdw |lhogv wkh kljkhvw sd|r>

wr kljk0delolw| zrunhuv1

Ohw ä
â
' iäRc äRâj dqg jâwEäRä ' f/ ;w 5 X dqg ä ' iäRc äRâj dqg jwEäRâä ' f/ ;w 5 Xé

Lq wklv fdvh g ' X 9' è/ wkhq ä2 idlov vlqfh dq| srrolqj SEH \R
â
gl>huhqw iurp \R lv vxfk

wkdw T Ewc\R
â
ä ÷ T Ewc\Rä1

65Zh ghqrwh e| ós wkh SEH wkdw vxvwdlqv Fs dv d SEH1
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E14 Surri ri sursrvlwlrq 51

Wkh ?uvw0rughu frqglwlrqv iru surjudp .å7 lq vhfwlrq 715 zkhq wkh kljk0delolw| zrunhu*v

sduwlflsdwlrq frqvwudlqw lv ljqruhg duh

çrw G
ý
b�w ý b2w n bôw

ü
L âEçrwäý bDw ' fc +49,

çrw G
ý
b�E�ý wäý b2

ý
�ý wün bôE�ý wäüL âEçrwäý bDE�ý wä ' fc +4:,

çr
w
G Ew n b2w ý b�wäL âEçrwäý wbe ' fc +4;,

çr
w
G E

ý
�ý wün b2 ý�ý wüý b�E�ý wääL â

Eçr
w
äý E�ý wäbe ' fc +4<,

er
w
ý� n b� ý b2 n be+e

ý
er
w
c w
ü
' fc +53,

erw ýb� n b2 ý bô n bD+e
ý
erwc w

ü
' fé +54,

Lw iroorzv iurp 53 wkdw �nb2 ' b�nbe+e
ý
er
w
c w
ü
é Khqfh/ hlwkhu b� : f ru be : f ru erwk1

Lw iroorzv iurp 4;/ 4< dqg 53 wkdw

b�
be

' ýw
ý
L

â
Eçr

w
ä+e
ý
er
w
c w
üý �

ü
7wL âEçr

w
ä

è fé +55,

Khqfh/ L
â
Eçr

w
ä+e
ý
er
w
c w
üý � 8 fé Li zh soxj 55 lqwr 4</ zh rewdlq wkdw

+e
ý
er
w
c w
ü
'
ý
�ý wü �

L âEçr
w
ä
n w

�

L âEçr
w
ä
é +56,

Lw iroorzv iurp 54/ 49 dqg 4: wkdw b� n bô ' b2 n bD+e
ý
erwc w

ü
dqg

b2
bD

'
w
ý
L

â
Eçrwä+e

ý
erwc w

üý �
ü

7wL âEçrwä
è fé +57,

Khqfh/ L
â
Eçrwä+e

ý
erwc w

üý � è fé Li zh soxj 57 lqwr 4:/ zh rewdlq wkdw

+e
ý
erwc w

ü
' E�ý wä �

L âEçrwä
n w

�

L âEçrwä
é +58,

Lw iroorzv iurp 57/ 58 dqg çrw è çrw wkdw b2 ' fc zkloh lw iroorzv iurp 55/ 56/ dqg çr
w
è çr

w

wkdw b� : fé Ehfdxvh b2 ' f dqg b� : fc zh kdyh wkdw bD : fé
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Ehfdxvh b2 ' fc lw iroorzv iurp 49 dqg 4: wkdw çrw ' çrw ' çrw dqg iurp ~åw zh nqrz

wkdw çrw ' +
ý
erwc w

ü
é Wklv frxsohg zlwk 58 dqg wkh dvvxpswlrq wkdw L

ý
+
ý
eWwc w

üü ý eWw : f

lpsolhv wkdw erw ' e
W
w dqg wkdw bô ' fé

Xvlqj 4;/ 4< dqg wkh idfw wkdw b2 ' fé Lw fdq eh vkrzq wkdw

b� '
�
�r

ý
E�ý wäwEL âEçr

w
äý L âEçr

w
ää
ü
c +59,

be ' ý Ew3wä
�r L

âEçr
w
äL âEçr

w
äc +5:,

zkhuh �r ' E�ý wäwL âEçr
w
äý wE�ý wäL âEçr

w
ä ÷ fé

Khqfh/ be : f dqg b� : fé Lw dovr iroorzv iurp wklv wkdw wkh rswlpdo frqwudfw är
w
lv vxfk

wkdw çr
w
: çr

w
dqg wçr

w
n E�ý wäçr

w
' +e

ý
erwc w

ü
1

Ixuwkhupruh/ lw iroorzv iurp 56 wkdw li û Eçä ì �
L âEçä lv frqfdyh e

r
w
8 eW

w
c zkloh li û Eçä lv

frqyh{ er
w
: eW

w
é

Ilqdoo| qrwlfh wkdw EUäwäc EUäwä dqg EU-wä lpsolhv EU-wä/ frqvwudlq wkdw zdv ljqruhg dw

wkh wlph ri vroylqj wkh sureohp deryh1

Vlploduo|/ lq d srrolqj htxloleulxp ?upv pd{lpl}h kljk0delolw| zrunhuv* h{shfwhg sd|r>

vxemhfw wr orz0delolw| zrunhuv* sduwlflsdwlrq frqvwudlqw/ EU-wä/ dqg d }hur h{shfwhg sur?w

frqvwudlqw zkhq hydoxdwhg dw wkh srsxodwlrq dyhudjh suredelolw| ri vxffhvv/ ew1 Wkh ?uvw*rughu
frqglwlrqv iru surjudp .åå lq vhfwlrq 715 zkhq d kljk0delolw| zrunhu*v sduwlflsdwlrq frq0

vwudlqw lv ljqruhg vlqfh lw lv lpsolhg e| wkh orz0delolw| zrunhu*v sduwlflsdwlrq frqvwudlqw duh

wL
â
EçRäý ewb� n b2wL â

EçRä ' fc +5;,

E�ý wäL â
EçRäý E�ý ewäb� n b2E�ý wäL â

EçRä ' fé +5<,

ý� n b�+e
í
eRcewìý b2 ' f +63,
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Lw iroorzv iurp 63 wkdw b� : f dqg wkdw b� ' �nb2
+eEeRcewä c khqfh +

í
eRcewì ' ewçRnE�ýewäçRé Lw

dovr iroorzv iurp wkh htxloleulxp frqfhsw wkdw d srrolqj htxloleulxp h{lvwv li dqg rqo| li erwk/

kljk0 dqg orz0delolw| zrunhu duh dw ohdvw dv zhoo0r> dv lq wkh vhsdudwlqj htxloleulxp1 Wklv

lpsolhv wkdw li d srrolqj htxloleulxp h{lvwv wLEçRänE�ýwäLEçRäýeR : L ý+ ýeWwc wüüýeWw : fé

Khqfh/ lw fdq eh dvvxphg wkdw b2 ' fé Khqfh/ iurp 5;/ 5< dqg 63 lw iroorzv wkdw/

L
â
EçRä '

�

+e
í
eRcewì

ew
w
c +64,

L
â
EçRä '

�

+e
í
eRcewì E�ý

ewä
E�ý wä c +65,

dqg

+e
í
eRcewì ' ewûEçRä n E�ý ewäûEçRäc

zkhuh ûEçä ì �
L
âEçä é

Wkh ?uvw wzr htxdwlrqv deryh lpso| wkdw çR : çR ehfdxvh ew
w
÷ E�3ewä

E�3wä 1 Wkh wklug htxdwlrq

lpsolhv wkdw eR ÷ eWw dqg e
W
w
W eR li û lv frqfdyh/ dqg eR : eW

w
dqg eWw W eR li û lv frqyh{1

E15 Surri ri sursrvlwlrq 61

Lq wklv fdvh d ?upv* sureohp zkhq wkh ?upv vruw zrunhuv rxw lv jlyhq wkh iroorzlqj surjudp

õ
är
w
c ärw

ô 5 @h} 4@ 
tçrwcçrwcRwåwwMäð

w ERwäLEç
r
w
ä n E�ý w ERwääLEçrwä +66,

vxemhfw wr

w ERwäLEç
r
wä n E�ý w ERwääLEçrwä è w ERwäLEçrwä n E�ý w ERwääLEçrwä/ +Uäw,
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w ERwäLEç
r
w
ä n E�ý w ERwääLEçrwä è w ERwäLEçrwä n E�ý w ERwääLEçrwä/ +Uäw,

w ERwäLEç
r
wä n E�ý w ERwääLEçrwä è f/ +U-w,

w ERwäç
r
w n E�ý w ERwääçrw 8 +Ewäý òä ERwä iru w 5 õwc wô / +~åw,

zkloh zkhq ?upv srro wkh zrunhuv xqghu wkh vdph frqwudfw lv

iäRj 5 @h} 4@ 
tçRcçRcRRåMäð

w ERäLEçRä n E�ý w ERääLEçRä +67,

vxemhfw wr

w ERäLEçRä n E�ý w ERääLEçRä è f/ +U-w,

ew ERäçR n E�ý ew ERääçR 8 + íewìý òä ERä 1 +~åew,
Lw iroorzv lpphgldwho| wkdw wkh rswlpdo frqwudfw r>huhg zkhq wkh htxloleulxp lv srrolqj

dqg ?upv fdq prqlwru delolw| vdwlv?hv wkh vdph frqglwlrq wkdq zkhq ?upv fdqqrw prqlwru

delolw|1

Wkh ?uvw0rughu frqglwlrqv iru wkh fdvh lq zklfk wkh htxloleulxp lv vhsdudwlqj zkhq Uäw

dqg U-w duh ljqruhg duh jlyhq e|

çrw G ýb2w ERwää n b�w ERwääL âEçrwä 8 fc

çrw G ýb2E�ý w ERwää n b�E�ý w ERwääL âEçrwä 8 fc

Rrw G b� E2w ý �ä
ý
LEçrwäý LEçrwä

üý b2 ýE2w ý �ä
ý
çrw ý çrw

ü
n òä â

ý
Rrw
üü
V fc

çr
w
G Ew ERwäý b�w ERwääL âEçrwäý w ERwäbô 8 fc

çr
w
G
ý
�ý w ERwäý b�E�ý w ERwää

ü
L

â
Eçr

w
äý E�ý w ERwääbô 8 fc

Rr
w
G
ýý
2w ý �

üý b� E2w ý �ä
ü ý
LEçr

w
äý LEçr

w
ä
üý bô ýý2w ý �

ü ý
çr
w
ý çr

w

ü
n òä â

ý
Rr
w

üü
V fé
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Lw uhdglo| iroorzv iurp wkh ?uvw dqg vhfrqg htxdwlrq wkdw çrw ' ç
r
w/ dqg xvlqj wklv lq wkh

wklug htxdwlrq lw iroorzv wkdw Rrw '
�
2
é

Lw uhdglo| iroorzv iurp wkh 7wk dqg 8wk htxdwlrq wkdw iru doo Rr
w
: �

2
c çr

w
: çr

w
dqg wkdw

b� '
�
�r E�ý w ERwääw ERwä EL âEçrwäý L âEçrwää : fc +68,

b2 '
�
�r E�ý w ERwääw ERwä EL âEçrwäý L âEçrwääL âEçrwä : fc +69,

bô ' ý Ew3wä
�r L

âEçr
w
äL âEçr

w
ä : fc +6:,

zkhuh �r ' E�ý w ERwääw ERwäL âEçrwäý w ERwä E�ý w ERwääL âEçrwä ÷ f1

Ohppd < Rr
w
: �

2
é

Vxssrvh qrw/ wkhq w ERwä ' w ERwä '
�
2
1 Lw iroorzv iurp wkh U-w wkdw wkh pd{lpxp zdjh

wkdw d ?up lv zloolpj wr sd| wr d w0zrunhu lv çrw ' çrw ' +Ewä dqg wkhuhiruh/ d w0zrunhu*v

h{shfwhg xwlolw| lv L E+Ewää1 Ehfdxvh ri Uäw/ L E+Ewää è �
2
LEçr

w
ä n �

2
LEçr

w
äé E| frqfdylw| ri

L wklv lpsolhv wkdw +Ewä è �
2
çr
w
n �

2
çr
w
( wkdw lv/ �

2
çr
w
n �

2
çr
w
÷ +

ý
w
ü
dqg wkhuhiruh ?upv pdnh

srvlwlyh sur?wv1 Exw wklv lpsolhv e| frqwlqxlw| wkdw wkhuh lv d ?up/ wkh rqh wkdw dwwudfw wkh

ohdvw qxpehu ri kljk0delolw| zrunhuv/ wkdw fdq ghyldwh e| fkrrvlqj d prqlwrulqj suhflvlrq

�
2
n 0c dqg zdjhv çr

w
: çr

w
vxfk wkdw L E+Ewää è w ý�

2
n 0
ü
LEçr

w
ä n
ý
�ý w ý�

2
n 0
üü
LEçr

w
ä dqg

w
ý
�
2
n 0
ü
LEçr

w
ä n

ý
�ý w ý�

2
n 0
üü
: L E+Ewää è �

2
LEçr

w
ä n �

2
LEçr

w
ä dqg wkhuhiruh dwwudfw doo

kljk0delolw| zrunhuv/ qr orz0delolw| zrunhuv dqg kdyh odujhu sur?wv1 Khqfh/ lq d vhsdudwlqj

htxloleulxp lw pxvw eh wuxh wkdw Rr
w
: �

2
/ çr

w
: çr

w
dqg / çrw ' ç

r
w ' +Ewä1

Wkh ?uvw0rughu frqglwlrqv iru wkh fdvh lq zklfk wkh htxloleulxp lv srrolqj zkhq wkh U-w

87



lv ljqruhg duh jlyhq e|

çR G ýb�ew ERRä n w ERRäL âEçRä 8 fc

çR G ýb�E�ý ew ERRää n E�ý w ERRääL âEçRä 8 fc

RR G
ý
2w ý �

ü
ELEçRäý LEçRääý b�

íí
2ew ý �

ì
EçR ý çRä n òä â ERRä

ì
V fé

Lw uhdglo| iroorzv iurp wkh ?uvw wzr htxdwlrqv wkdw zkhq RR : �
2
/ çR : çRé Ixuwkhupruh/

lw uhdglo| iroorzv iurp hlwkhu wkh ?uvw ru vhfrqg htxdwlrq wkdw b� : f/ vr ew ERRäçR n E� ýew ERRääçR ' + íewìý òä ERRä1 Zkloh li RR ' �
2
c ew ERRä ' w ERRä c vr çR ' çR ' + íewì é

Ilqdoo|/ lw iroorzv iurp wkh wklug htxdwlrq wkdw

RR '

;AAAA?AAAA=
�
2

li ý b�òä â
ý
�
2

ü
÷ fc

d�
2
c �ä li

ý
2w ý �

ü
ELEçRäý LEçRääý b�

íí
2ew ý �

ì
EçR ý çRä n òä â ERRä

ì
' fc

� li
ý
2w ý �

ü
ELEçRäý LEçRääý b�

íí
2ew ý �

ì
EçR ý çRä n òä â E�ä

ì
: fé

+6;,

Vroylqj iru b� iurp hlwkhu wkh ?uvw ru wkh vhfrqg htxdwlrq dqg xvlqj wkh frqfdylw| ri

Lc lw lv hdv| wr vkrz wkdw E2w3�ä
b�

ELEçRäý LEçRää ý
í
2ew ý �

ì
EçR ý çRä è f iru doo R è �

2
é

Wkxv/ li ò lv vx!flhqwo| odujh/ wkhq wkh rswlpdo prqlwrulqj lqwhqvlw| lv RR ' �
2
1 Wkdw lv/ lw lv

rswlpdo wr sd| r>hu d ghjhqhudwh phqx frqwdlqlqj wkh vwudljkw0vdodu| frqwudfw wkdw surplvhv

çR ' çR ' +
íewì é
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