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Lq wklv sdshu zh frqvlghu d pdunhw vlwxdwlrq lq zklfk lqlwldoo| wkhuh lv dq xqlqwhjudwhg
prqrsro| xsvwuhdp wkdw rzqv dq hvvhqwldo idflolw| dqg wzr grzvwuhdp �upv1 Wkhq wkh
pdunhw lv olehudol}hg doorzlqj xsvwuhdp hqwu| dqg yhuwlfdo lqwhjudwlrq1 Wkh htxloleulxp
hqwu| prgh�vkdulqj wkh lqfxpehqw idflolw| ru exloglqj d qhz idflolw|� lv ghulyhg dv zhoo dv
wkh htxloleulxp pdunhw vwuxfwxuh1 Vhyhudo srolf| suhvfulswlrqv duh vhw iruwk1

WWkh dxwkruv duh judwhixo wr wzr dqrq|prxv uhihuhhv dqg Ldq Jdoh iru wkhlu xvhixo frpphqwv1 Zh zrxog olnh
dovr wr wkdqn vhplqdu sduwlflsdqwv dw LODGHV/ Fdwkrolf Xqlyhuvlw| ri Fkloh/ wkh Xqlyhuvlw| ri Fkloh/ dqg wkh
5335 Odwlq Dphulfdq Hfrqrphwulf Vrflhw| Phhwlqj1 Krzhyhu/ doo huuruv uhpdlq rxu rzq uhvsrqvlelolw|1

_Uhsxeolfd :34/ Vdqwldjr ]ls Frgh 9854455/ Fkloh1 H0pdlo= iedopdfhCgll1xfkloh1fo 1
hHudvpr Hvfdod 4;68 Frgh 9854455/ Fkloh1 H0pdlo= vddyhgudCxdkxuwdgr1fo 1
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4 Lqwurgxfwlrq
Wkhuh lv dq lqfuhdvlqj zruogzlgh wuhqg wr olehudol}h pdunhwv dqg lqwurgxfh frpshwlwlrq iru vhu0
ylfhv wkdw zhuh suhylrxvo| surylghg e| prqrsrolvwv1 Pdunhwv olnh hohfwulflw|/ udlozd|v/ whohfrp0
pxqlfdwlrqv/ zdwhu/ rlo dqg jdv vxsso|/ dlusruwv dqg sruwv/ jduedjh froohfwlrq vhuylfhv/ dqg
vwdglxpv duh qrz rshq wr frpshwlwlrq1 D frpprq ihdwxuh lq doo wkhvh pdunhwv lv wkh suhvhqfh
ri dq �lpsruwdqw idflolw|�/ zkhuh wklv whup lv xvhg wr ghvfuleh dq lqiudvwuxfwxuh zklfk lv hv0
vhqwldo wr uhdfk fxvwrphuv dqg2ru hqdeolqj frpshwlwruv wr fduu| rq wkhlu exvlqhvv dqg fdqqrw
eh hdvlo| gxsolfdwhg14 Lq dgglwlrq/ wkh wuhqg wrzdugv olehudol}dwlrq dqg wkh lqwurgxfwlrq ri
frpshwlwlrq lq pdunhwv zlwk lpsruwdqw idflolwlhv kdyh lq pdq| fdvhv uhvxowhg lq yhuwlfdo lqwh0
judwlrq surfhvvhv wkdw kdyh ohg wkh rzqhuv ri wkhvh idflolwlhv wr ehfrph gluhfwo| lqyroyhg lq
vhuylqj �qdo fxvwrphuv15 Iru lqvwdqfh/ lw lv qrz frpprq wr vhh sruw rshudwruv lqwhjudwhg zlwk
vklsslqj frpsdqlhv/ rlo dqg qdwxudo jdv wudqvsruwdwlrq frpsdqlhv lqwhjudwhg zlwk glvwulexwlrq
frpsdqlhv/ dqg krvslwdov dqg2ru khdowk sodqv d!oldwlqj zlwk phglfdo folqlfv dqg sk|vlfldqv1

Hfrqrplvwv dqg dqwlwuxvw dxwkrulwlhv kdyh orqj ehhq frqfhuqhg zlwk yhuwlfdo lqwhjudwlrq
lq pdunhwv zlwk lpsruwdqw idflolwlhv edvhg rq wkh eholhi wkdw wkh rzqhu ri d idflolw| kdv dq
lqfhqwlyh wr hqjdjh lq dqwlfrpshwlwlyh ehkdylru/ pdlqo| iruhforvxuh16 Iruhforvxuh vwdwhv wkdw
wkh rzqhu ri dq lpsruwdqw idflolw| kdv dq lqfhqwlyh wr olplw frpshwlwruv* dffhvv wr lwv idflolw| dqg

4Khuh/ zh gr qrw irfxv rq hvvhqwldo idflolwlhv dv gh�qhg rq vrph dqwlwuxvw fdvhv1 Iru lqvwdqfh/ lq Dodvnd
Dluolqhv/ Lqf yv1 Xqlwhg Dluolqhv/ Lqf1 +4<<4, dq hvvhqwldo idflolw| lv gh�qhg dv iroorzv= �^D` idflolw| frqwuroohg e|
d vlqjoh �up zloo eh frqvlghuhg �hvvhqwldo� rqo| li frqwuro ri wkh idflolw| fduulhv zlwk lw wkh srzhu wr holplqdwh
frpshwlwlrq1111�

5 Lq vrph lqgxvwulhv dqg vrph frxqwulhv olehudol}dwlrq dqg frpshwlwlrq kdyh ehhq lqwurgxfhg xqghu pdqgdwru|
xqexqgolqj zkloh lq rwkhuv kdyh qrw1 Iru lqvwdqfh/ wkh lqwurgxfwlrq ri frpshwlwlrq lq XN dqg wkh XV qdwxudo
jdv pdunhw zdv xqghu pdqgdwru| xqexqgolqj ri doo vhjphqwv lq wkh iruphu fdvh dqg vhsdudwlrq ri surgxfwlrq
dqg wudqvsruwdwlrq lq wkh odwwhu fdvh1 Rq wkh rwkhu kdqg/ lq Fkloh dqg Qhz ]hdodqg qr xqexqgolqj uhtxluhphqw
zdv lpsrvhg1 Wkh irfxv ri wkh sdshu lv lq wkrvh h{shulhqfhv zkhuh wkhuh lv qr pdqgdwru| xqexqgolqj1

6Wkh h{fhswlrq ehlqj wkh Fklfdjr Vfkrro ohg pdlqo| e| Erun +4<:9, dqg Srvqhu +4<:;,/ zkr eholhyh wkdw
iruhforvxuh uhvxowhg iurp d frqixvlrq derxw wkh h{huflvh ri prqrsro| srzhu1 Wkh| dujxhg wkdw d prqrsro|
rzqlqj dq lpsruwdqw ru hvvhqwldo idflolw| frxog hduq prqrsro| sur�wv lq wkh fruuhvsrqglqj vhjphqw/ exw frxog
qrw h{whqg lwv pdunhw srzhu wr uhodwhg vhjphqwv1
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prqrsrol}h frpsohphqwdu| ru grzqvwuhdp vhjphqwv dv zhoo17 Iruhforvxuh zdv �uvw glvfxvvhg
lq wkh Whuplqdo Udlourdg Dvvrfldwlrq yv1 Xqlwhg Vwdwhv +4<45,/ lq zklfk d vhw ri udlourdgv
dftxluhg d nh| eulgjh ryhu wkh Plvvlvvlssl ulyhu dqg dssurdfkhv dqg whuplqdov lq Vw1 Orxlv
dqg h{foxghg rwkhu frpshwlwruv1 Iruhforvxuh zdv dovr lqyrnhg lq Dvshq Vnllqj Frpsdq| yv1
Dvshq Kljkodqgv/ lq zklfk doo0Dvshq vl{0gd| wlfnhw zdv r�huhg/ dqg uhyhqxhv iurp wkrvh vdohv
zhuh glylghg edvhg rq xvdjh iurp 4<95 wr 4<::1 Diwhu 4<:; Dvshq Vnllqj ghflghg wr frqwlqxh
zlwk wkh djuhhphqw rqo| li Dvshq Kljkodqgv zdv zloolqj wr dffhsw d 4615( �{hg vkduh ri wlfnhw
uhyhqxhv1

Wkh lqwurgxfwlrq ri frpshwlwlrq lq pdunhwv lq zklfk lqlwldoo| wkhuh lv dq lqfxpehqw prqrsro|
wkdw rzqv dq lpsruwdqw idflolw| uhtxluhv dffhvv �rq uhdvrqdeoh whupv� wr wkh lqfxpehqw*v id0
flolw|1 Dq reylrxv dowhuqdwlyh wr dffhvv �rq uhdvrqdeoh whupv� lv wkdw wkh hqwudqw exlogv lwv
rzq idflolw|18 Zkloh wkhuh duh gh�qlwh vdylqjv dvvrfldwhg zlwk vkdulqj wkh lqfxpehqw*v idflolw|
zkhq wkh odwwhu kdv h{fhvv fdsdflw|/ rxu zruu| lv wkdw wkh lqfxpehqw*v lqfhqwlyhv wr lqwhjudwh
yhuwlfdoo| dqg wr vkduh lwv idflolw| zlwk dq hqwudqw pd| kdyh fhuwdlq dqwlfrpshwlwlyh h�hfwv wkdw
duh qrw xvxdoo| uhfrjql}hg1 Lq wklv duwlfoh zh pdlqo| h{soruh wkh srvvlelolw| wkdw wkh prqrsro|*v
r�hu wr vkduh lwv idflolw| zlwk d srwhqwldo hqwudqw pljkw eh d vwudwhjlf ghflvlrq dlphg dw iruh0
vwdoolqj d pruh frpsohwh dqg frpshwlwlyh hqwu|> l1h1/ kdylqj d qhz idflolw| exlow e| wkh hqwudqw
+vhh/ Fkhq dqg Urvv +5333, iru d vlplodu frqfhuq,/ dqg lqfuhdvlqj wkh lqfxpehqw*v jdlqv iurp
yhuwlfdo lqwhjudwlrq1

Lq vr grlqj/ zh frqvlghu d pdunhw vlwxdwlrq lq zklfk lqlwldoo| wkhuh lv dq xqlqwhjudwhg
prqrsro| xsvwuhdp wkdw rzqv dq lpsruwdqw idflolw| dqg wzr grzqvwuhdp �upv19 Wkhq wkh

7Wkh hvvhqwldo idflolw| grfwulqh/ zklfk lv rqh orqj0vwdqglqj h{fhswlrq wr wkh jhqhudo XV dqwlwuxvw odz*v uxoh
wkdw d �up kdv qr reoljdwlrq wr ghdo zlwk lwv frpshwlwruv/ lv frqfhuhqg zlwk iruhforvxuh1 Dv vwdwhg e| rqh
dsshoodwh frxuw lq Dodvnd Dluolqhv/ Lqf/ yv1 Xqlwhg Dluolqhv +4<<4,= �^W`kh hvvhqwldo idflolw| grfwulqh lpsrvhv
oldelolw| zkhq rqh �up/ zklfk frqwurov dq hvvhqwldo idflolw|/ ghqlhv d vhfrqg �up uhdvrqdeoh dffhvv wr d surgxfw
ru vhuylfh wkdw wkh vhfrqg �up pxvw rewdlq lq rughu wr frpshwh zlwk wkh �uvw1�

Lq wkh fdvh Dvvrfldwhg Suhvv y1 Xqlwhg Vwdwhv +4<78, wkh grfwulqh zdv lqwhusuhwhg dv �d exvlqhvv ru jurxs ri
exvlqhvvhv zklfk frqwurov d vfdufh idflolw| kdv dq reoljdwlrq wr jlyh frpshwlwruv uhdvrqdeoh dffhvv wr lw1�

8Zkdw pdnhv dq lpsruwdqw idflolw| gl�huhqw iurp dq hvvhqwldo idflolw| lv wkh idfw wkdw wkh iruphu fdq eh
gxsolfdwhg zkloh wkh odwwhu fdqqrw1

9 Lq wklv sdshu zh irfxv rq lqgxvwulhv zkhuh qhwzrun h{whuqdolwlhv/ frqvxpswlrq h{whuqdolwlhv/ vzlwfklqj frvwv/
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pdunhw lv olehudol}hg phdqlqj wkdw xsvwuhdp hqwu| dqg yhuwlfdo lqwhjudwlrq duh qrz doorzhg1:
Lq sduwlfxodu/ wkhuh lv d srwhqwldo xsvwuhdp hqwudqw wkdw fkrrvhv ehwzhhq wzr hqwu| prghv/
hqwhulqj wkh pdunhw e| exloglqj lwv rzq idflolw|/ sd|lqj d �{hg frvw +ixoo hqwu|/ khuhdiwhu,
ru e| ex|lqj fdsdflw| iurp wkh lqfxpehqw dw d �{hg sulfh shu0xqlw ri fdsdflw|;/ ghwhuplqhg
hqgrjhqrxvo| e| edujdlqlqj zlwk wkh lqfxpehqw +sduwldo hqwu|/ khuhdiwhu,1

Zh fdq wklqn ri grzqvwuhdp surgxfwlrq dv wdnlqj rqh xqlw ri wkh lqwhuphgldwh jrrg dqg
vhoolqj lw/ zkloh xsvwuhdp surgxfwlrq ri wkh lqwhuphgldwh jrrg uhtxluhv d xqlw ri fdsdflw| frplqj
iurp d idflolw|1 Wkh hqwudqw*v idflolw| lv dvvxphg wr eh dw ohdvw dv h!flhqw dv wkh lqfxpehqw*v
idflolw|> wkdw lv/ wkh hqwudqw*v xsvwuhdp pdujlqdo frvw lv orzhu wkdq ru htxdo wr wkh lqfxpehqw*v
xsvwuhdp pdujlqdo frvw1 Xsrq hqwu| wkh lqfxpehqw dqg wkh hqwudqw erwk kdyh wkh rssruwxqlw|
wr dftxluh rqh ri wkh grzqvwuhdp �upv> l1h1/ xsvwuhdp �upv fkrrvh vlpxowdqhrxvo| zkhwkhu wr
lqwhjudwh yhuwlfdoo| ru qrw1 Diwhu wkh lqgxvwu| vwuxfwxuh lv ghwhuplqhg/ xsvwuhdp �upv ghflgh
krz pxfk ri wkh lqwhuphgldwh jrrg wr surgxfh/ iroorzhg e| grzqvwuhdp �upv* ghflvlrq ri krz
pxfk ri wkh �qdo rxwsxw wr surgxfh1 Wkdw lv/ xsvwuhdp dv zhoo dv grzqvwuhdp �upv duh dvvxphg
wr frpshwh d0od0Frxuqrw1

Wkh uhvxowv duh dv iroorzv1 Zkhq wkh hqwudqw fkrrvhv d ixoo hqwu| prgh/ erwk xsvwuhdp �upv
fkrrvh wr lqwhjudwh yhuwlfdoo|1 Zkhq wkh txdqwlw| ri lqsxw wudghg ehwzhhq d qrq0lqwhjudwhg �up
dqg dq lqwhjudwhg �up lv ghwhuplqhg hqgrjhqrxvo| zlwkrxw d sulrul uhvwulfwlrqv rq wkh gluhfwlrq
ri wudgh/ dv grqh lq wklv sdshu/ lqwhjudwlrq lqgxfhv wkh lqwhjudwhg �up wr ex| xs vrph ri wkh
qrq0lqwhjudwhg xsvwuhdp �up*v rxwsxw wr udlvh wkh frvwv ri lwv qrq0lqwhjudwhg grzqvwuhdp ulydo1
Wklv lv nqrzq dv d udlvlqj ulydo frvw vwudwhj| +vhh/ Vdors dqg Vfkh�pdq/ 4<;:,1 Wkxv/ yhuwlfdo
lqwhjudwlrq lv d grplqdqw vwudwhj| iru hdfk �up vlqfh lw dyrlgv grxeoh pdujlqdol}dwlrq dqg
dqg orfn0lqv duh qrw uhohydqw1

:Zh gr qrw frqvlghu wkh forvho| uhodwhg dffhvv lvvxhv lq uhjxodwhg lqgxvwulhv1 Lq vxfk lqgxvwulhv/ sulfh frqwurov
dqg h{solflw ru lpsolflw hduqlqjv vfkhphv riwhq fuhdwh lqfhqwlyhv iru uhjxodwhg �upv wr hqjdjh lq sudfwlfhv/ vxfk
dv furvv0vxevlglhv dqg ghjudgdwlrq ri txdolw|/ zklfk duh ohvv lpsruwdqw lq dq xquhjxodwhg lqgxvwu|1

;Zh gr qrw doorz jhqhudo qrq0olqhdu sulflqj1 Dv vxjjhvwhg e| rqh uhihuhh/ d mxvwl�fdwlrq iru olqhdu sulflqj lv
wkh lpsrvlwlrq ri qrq0glvfulplqdwru| rshq dffhvv1 Lq wkdw vhqvh/ wkh prgho frqvlghuhg khuh fdq eh wkrxjkw ri dv
rqh lq zklfk wkh rqo| uhjxodwlrq lv qrq0glvfulplqdwru| rshq dffhvv1 Qrwzlwkvwdqglqj/ vrph ri rxu uhvxowv duh
urexvw wr wzr0sduw wdul�v1
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frxqwhuv lwv ulydo*v lqfhqwlyh wr ex| xs lqsxw iurp wkh qrq0lqwhjudwhg xsvwuhdp �up1 Zkhq wkh
hqwudqw fkrrvhv d sduwldo hqwu| prgh/ yhuwlfdo lqwhjudwlrq frqwlqxhv ehlqj d grplqdqw vwudwhj|
ghvslwh wkh idfw wkdw wkdw wkh jdlqv iurp vhoolqj h{fhvv fdsdflw| duh odujhu zkhq wkh lqfxpehqw
grhv qrw lqwhjudwh1 Wkxv/ wkh h!flhqf| jdlqv iurp dyrlglqj grxeoh pdujlqdol}dwlrq dqg frxqwhuv
lwv ulydo*v lqfhqwlyh wr ex| xs lqsxw iurp wkh qrq0lqwhjudwhg xsvwuhdp �up rxwzhljk wkh h{wud
jdlqv iurp vhoolqj pruh xqlwv ri fdsdflw|1

Zkhq wkh prgh ri hqwu| lv hqgrjhqrxvo| ghwhuplqhg/ wkh lqgxvwu| htxloleulxp lv dv iroorzv1
Iru d orz �{hg frvw ri exloglqj d qhz idflolw|/ wkh hqwudqw exlogv d idflolw| dqg erwk wkh hqwudqw
dqg wkh lqfxpehqw lqwhjudwh yhuwlfdoo|1 Zkhuhdv iru d odujh �{hg frvw/ wkh lqfxpehqw vkduhv lwv
idflolw| zlwk wkh hqwudqw/ dqg erwk lqwhjudwh yhuwlfdoo|1 Lq dgglwlrq/ wkh dprxqw ri �qdo jrrg
surgxfhg lv odujhu xqghu ixoo hqwu|1 Wkxv/ sduwldo hqwu| lv dqwlfrpshwlwlyh uhodwlyh wr ixoo hqwu|
vlqfh lw iruhvwdoov d pruh frpshwlwlyh hqwu| prgh +ixoo hqwu|, dqg ghfuhdvhv wkh h!flhqf| jdlqv
iurp yhuwlfdo lqwhjudwlrq1

Sduwldo hqwu| krzhyhu lv sur0frpshwlwlyh uhodwlyh wr qr hqwu|> l1h1/ xqghu sduwldo hqwu| wkh
wrwdo dprxqw surgxfhg lv odujhu wkdq wkdw ehiruh olehudol}dwlrq/ dqg vrphwlphv vwrsv ixoo hqwu|
wkdw pd| kdyh qrw ehhq vrfldoo| h!flhqw gxh wr gxsolfdwlrq ri �{hg frvwv1 Wkh zhoiduh h�hfwv
duh dv iroorzv1 Zkhq wkh gl�huhqfh ehwzhhq xsvwuhdp pdujlqdo surgxfwlrq frvwv lv odujh/ ixoo
hqwu| lv dozd|v h!flhqw uhodwlyh wr sduwldo hqwu|/ |hw lw lv qrw dozd|v revhuyhg1 Lq dgglwlrq/ zkhq
ixoo hqwu| lv revhuyhg/ lw lv h!flhqw1 Zkhuhdv/ zkhq wkh gl�huhqfh ehwzhhq xsvwuhdp pdujlqdo
surgxfwlrq frvwv lv vpdoo/ sduwldo hqwu| lv h!flhqw iru �{hg frvw ohyhov lq dq lqwhuphgldwh udqjh/
zkloh ixoo hqwu| lv h!flhqw iru hlwkhu vpdoo ru odujh �{hg frvw ohyhov1 Wkdw ixoo hqwu| lv h!flhqw
iru vpdoo �{hg frvw ohyhov lv uhodwlyho| reylrxv/ exw wkdw ixoo hqwu| lv dovr h!flhqw iru odujh �{hg
frvw ohyhov lv qrw1 Wkh uhdvrq ehlqj wkdw wkh sulfh shu0xqlw ri fdsdflw| ulvhv dw dq lqfuhdvlqj
udwh zlwk wkh �{hg frvw ohyho1 Wklv lpsolhv wkdw iru d odujh �{hg frvw ohyho/ sduwldo hqwu| lv qrw
h!flhqw ehfdxvh wkh ghfuhdvh lq frqvxphuv* zhoiduh rxwzhljkv wkh lqfuhdvh lq wkh lqfxpehqw*v
sur�w1

Wkhvh uhvxowv kdyh lqwhuhvwlqj srolf| suhvfulswlrqv1 Ehiruh vshfli|lqj wkrvh/ lw lv zruwkzkloh
qrwlqj wkdw wkh srolf| suhvfulswlrqv vxjjhvwhg khuh vkrxog eh txdol�hg e| wkh idfw wkdw zh
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frqvlghu rqo| wzr gl�huhqw hqwu| prghv/ qr frooxvlrq lv dvvxphg/ qrq0olqhdu sulflqj ri fdsdflw|
lv qrw doorzhg/ dqg wkh lqfxpehqw fdqqrw ghjudgh wkh txdolw| ri dffhvv wr lwv idflolw|1 Wkdw vdlg/
wkh srolflhv duh wkh iroorzlqj1 Iluvw/ wkh gxsolfdwlrq ri idflolwlhv zlwk ixoo yhuwlfdo lqwhjudwlrq
lv sur0frpshwlwlyh dqg h!flhqw1 Wklv phdqv wkdw zkhq d pdunhw lv olehudol}hg/ frpshwlwlrq
dxwkrulwlhv vkrxog qrw rssrvh wr wkh gxsolfdwlrq ri idflolwlhv dqg yhuwlfdo lqwhjudwlrq1 Vhfrqg/
xqghu sduwldo hqwu| yhuwlfdo lqwhjudwlrq e| wkh lqfxpehqw fdqqrw dozd|v eh dvvrfldwhg zlwk
d pruh uhvwulfwlyh dffhvv wr wkh lqfxpehqw*v idflolw|1 Wklug/ lw lv xvxdoo| eholhyhg wkdw zkhq
wkh rzqhu ri d idflolw| fkdujhv d frpshwlwru d gl�huhqw sulfh wkdq zkdw lw fkdujhv lwvhoi/ lw lv
dftxlulqj dq h{foxvlrqdu| uljkw wr wkh idflolw| wkdw fdq hqgrz lw zlwk pdunhw srzhu1 Krzhyhu/
rxu uhvxowv vxjjhvw wkdw zkhq wkh frvw ri exloglqj d qhz idflolw| lv qhlwkhu wrr odujh qru wrr
vpdoo/ lw lv h!flhqw/ uhodwlyh wr ixoo hqwu|/ wr fkdujh d sulfh deryh xsvwuhdp pdujlqdo frvw ri
surgxfwlrq1 Irxuwk/ zkhq wkh frvw ri exloglqj d qhz idflolw| lv yhu| odujh/ ixoo hqwu| lv h!flhqw
uhodwlyh wr sduwldo hqwu| ehfdxvh xqghu sduwldo hqwu| wkh lqfxpehqw prqrsro| fkdujhv wrr pxfk
iru dffhvv wr lwv idflolw|/ zklfk lq wxuq/ uhvxowv lq d odujh �qdo rxwsxw uhvwulfwlrq1 Dq lpsruwdqw
ohvvrq iurp wkhvh srolf| suhvfulswlrqv lv wkdw wkh pdunhw lwvhoi lv deoh wr vroyh h!flhqwo| lq pdq|
vlwxdwlrqv wkh wudgh0r� ehwzhhq vdylqj �{hg frvwv dqg vriwhq grzqvwuhdp frpshwlwlrq1

Wkh uhvxowv duh dovr lq olqh zlwk wkh vslulw ri wkh X1V1 Ihghudo Wudgh Frpplvvlrq dqg
Ghsduwphqw ri Mxvwlfh jxlgholqhv iru frooderudwlrq dprqj frpshwlwruv lvvxhg rq Dsulo/ 53331
Pdlqo|/ wklv hvwdeolvkhv wkdw surgxfwlrq frooderudwlrqv �111pd| lqyroyh djuhhphqwv mrlqwo| wr
surgxfh d surgxfw vrog wr rwkhuv ru xvhg e| wkh sduwlflsdqwv dv dq lqsxw1 Vxfk djuhhphqwv duh
riwhq surfrpshwlwlyh1 ^111` Krzhyhu/ surgxfwlrq frooderudwlrqv pd| lqyroyh djuhhphqwv rq wkh
ohyho ri rxwsxw ru wkh xvh ri nh| dvvhwv/ ru rq wkh sulfh dw zklfk wkh surgxfw zloo eh pdunhwhg
e| wkh frooderudwlrq/ ru rq rwkhu frpshwlwlyh yduldeohv vxfk dv txdolw|/ vhuylfhv ru surprwlrqdo
vwudwhjlhv/ wkdw fdq uhvxow lq frpshwlwlyh kdup�1<

Wkh uhvxowv dovr surylgh d udwlrqdoh iru olehudol}dwlrq ri lqgxvwulhv kdylqj fhuwdlq fkdudfwhu0
lvwlfv ri qdwxudo prqrsro| dv d frpsohphqw/ li qrw dv dq dowhuqdwlyh wr gluhfw uhjxodwlrq1 Lq idfw/
xquhjxodwhg sulydwl}dwlrq ehfrphv d uhohydqw srolf| ghvljq xqghu idflolw| edvhg frpshwlwlrq1 Lq

<Vhh vhfwlrq 6164 dw IWF +5333,1
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sudfwlfh/ krzhyhu/ wr zklfk lqgxvwulhv wklv srolf| fdq eh dssolhg lv d txhvwlrq wkdw ghpdqgv d
fdvh e| fdvh dqdo|vlv wkdw lv eh|rqg wkh vfrsh ri wklv sdshu1

Ehfdxvh rxu sdshu frpelqhv wkh olwhudwxuh rq yhuwlfdo lqwhjudwlrq zlwk wkdw frqfhuqlqj wkh
vkdulqj ri idflolwlhv/ wkhuh duh/ dv idu dv zh nqrz/ qr sdshuv ghdolqj h{dfwo| zlwk wkh vdph
lvvxhv143 Lq jhqhudo whupv rxu sdshu ghsduwv iurp wkh yhuwlfdo lqwhjudwlrq olwhudwxuh lq wkdw lw
frqvlghuv dq hqgrjhqrxv fkrlfh ri prgh ri hqwu|1 Dqg lw dovr ghsduwv iurp wkh olwhudwxuh rq
vkdulqj idflolwlhv lq wkdw lw doorzv iru dq hqgrjhqrxv fkrlfh ri pdunhw vwuxfwxuh1

Fkhq dqg Urvv +5333,/ zklfk lv forvho| uhodwhg wr wklv sdshu/ vkrz wkdw lq d prqrsrolvwlf
pdunhw d vkduhg0idflolw| djuhhphqw pd| ghwhu d pruh djjuhvvlyh hqwu| wkdw uhgxfhv wkh lqfxp0
ehqw*v pdunhw srzhu/ |hw d vkduhg idflolw| dozd|v uhvxowv lq d odujhu rxwsxw wkdq wkh rqh fkrvhq
e| d prqrsro| exw ohvv wkdq zkhq wkh hqwudqw exlogv lwv rzq idflolw|144 Jdoh +4<<7, vkrzv
wkdw frwhqdqf| xqghu d xvh0ru0orvh surylvlrq dfklhyhv d frqvwudlqw Sduhwr rswlpxp xqghu rshq
hqwu|/ lq zklfk hdfk sduw| pd| xwlol}h dq| xqxvhg sruwlrq ri wkh rwkhu sduw|*v fdsdflw| e|
dvvxplqj wkh yduldeoh frvwv/ exw qrw wkh �{hg frvwv/ dwwulexwdeoh wr dgghg surgxfwlrq1 Wkdw lv/
wkh htxloleulxp sulfh frqyhujhv wr orqj0uxq dyhudjh frvw145 Qhlwkhu ri wkhvh wzr sdshuv +Fkhq
dqg Urvv* dqg Jdoh*v, ghdo zlwk yhuwlfdo lqwhjudwlrq dqg iruhforvxuh dqg wkh odwwhu grhv qrw
doorz iru dq hqgrjhqrxv hqwu| prgh hlwkhu> wkdw lv/ lw orrnv rqo| dw fdsdflw| fkrlfh e| �upv
wkdw irup d frwhqdqf| sulru wr exloglqj fdsdflw|/ exw lw grhv qrw doorz d �up wr hqwhu exloglqj
fdsdflw| rxwvlgh ri frwhqdqf|1

43Rxu sdshu grhv qrw ghdo zlwk wkh lvvxh ri yhuwlfdo lqwhjudwlrq dv d phfkdqlvp iru uhfryhulqj wkh pdunhw
srzhu orvw iurp ghjudglqj txdolw| ri dffhvv wr wkh hvvhqwldo idflolw|1 Wkhuhiruh/ wkdw olwhudwxuh lv qrw glvfxvvhg
khuh ghvslwh wkdw vrph ri wkh lvvxhv dgguhvvhg lq wklv sdshu duh wrxfkhg xsrq rq wkdw olwhudwxuh +vhh/ iru lqvwdqfh/
Pdqg| +5333, dqg Ehdug hw do1 +5334,,1

44Wkh w|sh ri frqwudfw xvhg e| Fkhq dqg Urvv wr ghulyh wklv uhvxow lv gl�huhqw iurp rxuv1 Wkh| dvvxph wkdw
wkh vkdulqj frqwudfw doorzv wkh lqfxpehqw wr vhw erwk wkh sulfh shu0xqlw ri fdsdflw| dqg wkh txdqwlw| ri fdsdflw|1
Wkh| vkrz wkdw wkh rswlpdo sulfh shu0xqlw ri fdsdflw| lv d qhjdwlyh qxpehu odujh hqrxjk wr lqgxfh wkh hqwudqw
wr vwd| rxw ri wkh pdunhw1 Lq rughu wr dyrlg wklv sureohp/ wkh| dvvxph d qrq0qhjdwlyh sulfh shu0xqlw ri fdsdflw|
edvhg rq wkh ihdvlelolw| ri lpsohphqwlqj wkdw w|sh ri frqwudfw lq uhdo zruog1

45Vhh Udvvhqwl hw do1 +4<<6, iru dq lqwhuhvwlqj hydoxdwlrq ri frwhqdqf| uxohv lq d qdwxudo jdv pdunhw h{shulphqw1
Pdlqo|/ wkh| vkrz wkdw frwhqdqf| uxohv lqfuhdvh h!flhqf| e| lqfuhdvlqj frqvxphuv* vxusoxv dqg ghfuhdvlqj wkh
slsholqh*v rzqhuv vxusoxv1

:



Jdxghw dqg Ydq Orqj +4<<:, vkrz wkdw yhuwlfdo lqwhjudwlrq lv d grplqdqw vwudwhj| zkhq wkh
qxpehu ri xsvwuhdp dqg grzqvwuhdp �upv lv wkh vdph dqg orzhu wkdq irxu/ dqg wkdw pxowlsoh
htxloleuld h{lvw iru pruh wkdq irxu �upv/ dprqj zklfk ixoo yhuwlfdo lqwhjudwlrq lv rqh1 Wkh|
ghulyh wkhlu uhvxow/ mxvw dv zh gr/ dvvxplqj Frxuqrw frpshwlwlrq xsvwuhdp dqg grzqvwuhdp/
iuhh wudgh ehwzhhq doo sduwlhv lqyroyhg> wkdw lv/ qr pdunhw iruhforvxuh lv lpsrvhg/ }hur pdujlqdo
frvwv dqg d olqhdu ghpdqg ixqfwlrq1 Wkhuh duh rwkhu sdshuv rq pdunhw iruhforvxuh wkdw duh dovr
uhodwhg exw wkh| ghdo zlwk yhuwlfdo lqwhjudwlrq xqghu gl�huhqw w|shv ri frpshwlwlrq dqg gl�huhqw
dvvxpswlrqv1 Pdlqo|/ wkrvh sdshuv ghdo zlwk iruhforvxuh exw xqghu Ehuwudqg frpshwlwlrq holp0
lqdwlqj wkh h!flhqf| jdlqv dulvlqj iurp dyrlglqj grxeoh0pdujlqdol}dwlrq dqg2ru dvvxplqj wkh
frh{lvwhqfh ri lqwhjudwhg dqg xqlqwhjudwhg �upv dqg2ru lpsrvlqj iruhforvxuh1 Iru lqvwdqfh/ wkh
zhoo0nqrz sdshu e| Rugryhu/ Vdorqhu dqg Vdors +4<<3, vkrzv wkdw yhuwlfdo iruhforvxuh lv srv0
vleoh lq htxloleulxp dqg wkhuhiruh yhuwlfdo lqwhjudwlrq pd| kdyh dqwlfrpshwlwlyh h�hfwv1 Wklv
vdph uhvxow lv ghulyhg e| Fkhq +5334, xqghu ohvv uhvwulfwlyh dvvxpswlrqv146 Vdolqjhu +4<;;,
grhv qrw dvvxph dzd| grxeoh pdujlqdol}dwlrq/ exw lw lpsrvhv wkh frh{lvwhqfh ri lqwhjudwhg dqg
xqlqwhjudwhg �upv1 Ehvlghv wkh gl�huhqfhv lq dvvxpswlrqv zlwk prvw sdshuv lq wklv olwhudwxuh/
wkh iruhforvxuh sdshuv gr qrw ghdo zlwk wkh lvvxh ri vkdulqj idflolwlhv dqg dq hqgrjhqrxv prgh
ri hqwu|1

Rxu sdshu lv dovr uhodwhg wr wkh olwhudwxuh frqfhuqlqj h{fhvv fdsdflw| dv d ghwhuuhqw lqvwux0
phqw1 Iru lqvwdqfh/ Vshqfh +4<::, dqg Gl{lw +4<;3, vkrz krz h{fhvv fdsdflw| lv xvhg dv d
ghwhuuhqw lqvwuxphqw1 Krzhyhu/ lq wkhvh sdshuv wkh lqfxpehqw fkrrvhv lwv fdsdflw| zkloh lq rxu
sdshu zh vwduw iurp d vlwxdwlrq lq zklfk wkh lqfxpehqw*v fdsdflw| lv douhdg| ghwhuplqhg dqg
wkhuh lv h{fhvv ri fdsdflw|1

Wkh uhvw ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ Vhfwlrq 5/ wkh prgho lv suhvhqwhg1 Lq
Vhfwlrq 6/ zh ghulyh wkh htxloleulxp pdunhw vwuxfwxuh xqghu ixoo dqg sduwldo hqwu|/ wkh rswlpdo
hqwu| prgho/ dqg wkh zhoiduh surshuwlhv1 Lq Vhfwlrq 7/ vrph h{whqvlrqv duh glvfxvvhg1 Lq wkh
�qdo vhfwlrq frqfoxglqj uhpdunv duh suhvhqwhg1

46Wkh uhdvrq zk| ohvv uhvwulfwlyh dvvxpswlrqv duh qhhghg lv ehfdxvh kh uhdol}hv wkdw yhuwlfdo lqwhjudwlrq pd|
fkdqjh wkh sulflqj lqfhqwlyh ri d grzqvwuhdp surgxfhu dqg wkh lqfhqwlyh ri d frpshwlwru lq fkrrvlqj dq lqsxw
vxssolhu1

;



5 Wkh Edvlf Prgho
Wkh pdunhw vwuxfwxuh frqvlghuhg lqlwldoo| kdv rqh qrq0lqwhjudwhg xsvwuhdp �up X� �uhihuuhg wr
dv wkh lqfxpehqw� wkdw rzqv dq lpsruwdqw idflolw| dqg wzr lqghshqghqw grzqvwuhdp �upv/ G�
dqg G21 Wkhuh lv dovr �up X2 �uhihuuhg wr dv wkh hqwudqw� hqwhulqj wkh pdunhw xsvwuhdp1 Hqwu|
xsvwuhdp uhtxluhv hlwkhu ex|lqj dffhvv wr wkh lqfxpehqw*v idflolw|/47 ru exloglqj d idflolw| dw d
�{hg frvw N=48 Hdfk xsvwuhdp �up X�/ l @ 4> 5> vxssolhv d krprjhqhrxv lqsxw wr grzqvwuhdp
�upv ghqrwhg e| }�/ dqg hdfk grzqvwuhdp �up surgxfhv d �qdo jrrg ghqrwhg e| t�/ l @ 4> 5=
Wkxv/ xsvwuhdp �upv frqiurqw d ghulyhg ghpdqg jlyhq e| wkh dprxqw ri lqsxw uhtxluhg e|
grzqvwuhdp �upv1 Iru wkh vdnh ri vlpsolflw|/ dv frpprqo| grqh lq wkh olwhudwxuh/ d frqvwdqw
uhwxuq wr vfdoh whfkqrorj| ri �{hg sursruwlrqv grzqvwuhdp lv dvvxphg lq zklfk rqh xqlw ri wkh
�qdo jrrg uhtxluhv rqh xqlw ri wkh lqsxw }�1 Wkxv/ t� @ }�1

Wkh rqo| frvw wkdw grzqvwuhdp �upv idfh lq rughu wr surgxfh d xqlw ri wkh �qdo jrrg lv
wkh sulfh sdlg iru d xqlw ri lqsxw> wkdw lv/ wkh frvw ri rwkhu lqsxwv lq wkh grzqvwuhdp pdunhw lv
qrupdol}hg wr }hur/ dqg doo grzqvwuhdp �upv duh dvvxphg wr eh v|pphwulf1 Wkxv/ grzqvwuhdp
�up G�*v pdujlqdo frvw lv frqvwdqw dqg htxdo wr f�/ zkhuh f� lv �up G�*v sulfh sdlg iru hdfk
xqlw ri lqsxw1

Wkh surgxfwlrq ri }� xqlwv ri lqsxw uhtxluhv |� xqlwv ri fdsdflw| frplqj iurp d idflolw|1 D
frqvwdqw uhwxuq wr vfdoh whfkqrorj| ri �{hg sursruwlrqv lq lqsxw surgxfwlrq lq zklfk hdfk xqlw
ri lqsxw uhtxluhv rqh xqlw ri fdsdflw| lv dvvxphg1 Wkxv/ }� @ |�1

Wkh idflolw| zkhq frpelqhg zlwk rwkhu lqsxwv fdq surgxfh xqlwv ri fdsdflw| dffruglqj wr
wkh frvw ixqfwlrq p�|�/ zkhuh p� lv wkh pdujlqdo frvw ri hdfk xqlw ri fdsdflw|1 Ehfdxvh lw lv
dvvxphg wkdw wkh wudqvihu sulfh iru hdfk xqlw ri fdsdflw| lv vhw wr wkh h!flhqw ohyho/ wkh pdujlqdo
frvw ri surgxflqj rqh xqlw ri lqsxw idfhg e| �up rzqlqj dq hvvhqwldo idflolw| lv p�1 Lq zkdw
iroorzv lw lv dvvxphg wkdw p� �p2> wkdw lv/ wkh hqwudqw*v hvvhqwldo idflolw| lv dw ohdvw dv h!flhqw

47Wkh lqfxpehqw*v fdsdflw| lv dvvxphg wr eh xqolplwhg1 Lq wkh urexvwqhvv vhfwlrq wkh frqvhtxhqfhv ri kdylqj
olplwhg fdsdflw| duh glvfxvvhg1

48Zh gr qrw doorz wkh lqfxpehqw wr exlow d qhz idflolw| dv hqwu| ghwhuuhqfh phfkdqlvp +vhh/ h1j1/ Vshqfh/ 4<::
dqg Gl{lw/ 4<;3,1

<



dv wkh lqfxpehqw*v idflolw|149
Wkh wlplqj ri ghflvlrqv lv dv iroorzv1 Dw vwdjh 4/ wkh pdunhw lv olehudol}hg dqg wkh hqwudqw

ghflghv zkhwkhu wr hqwhu ru qrw1 Dw vwdjh 5/ wkh lqfxpehqw pdnhv d wdnh0lw0ru0ohdyh lw r�hu wr
vxsso| dv pdq| xqlwv ri fdsdflw| dv wkh hqwudqw zdqwv dw d sulfh u shu0xqlw ri fdsdflw|1 Li wkh
hqwudqw dffhswv/ lw grhv qrw exlog dq hvvhqwldo idflolw| zkloh li lw uhmhfwv wkh r�hu/ lw exlogv rqh1
Dw vwdjh 6/ xsvwuhdp �upv kdyh dq lqlwldo rssruwxqlw| wr dftxluh rqh ri wkh grzqvwuhdp �upv/
G� dqg G21 Li wkhuh lv d phujhu/ lw lv dvvxphg wr eh ehwzhhq �upv X� dqg G� dqg wkh phujhg
�up lv ghqrwhg e| I�1 Dw wkh qh{w vwdjh/ vwdjh 7/ xsvwuhdp �upv fkrrvh wkh dprxqw ri lqsxw
wr eh surgxfhg/ dqg dw wkh �qdo vwdjh/ grzqvwuhdp �upv fkrrvh wkh dprxqw ri �qdo jrrg wr
eh surgxfhg1

6 Wkh Dqdo|vlv
614 Suholplqdulhv
Wkh lqyhuvh ghpdqg ixqfwlrq wkdw grzqvwuhdp �upv frqiurqw lv dvvxphg wr eh ri wkh iroorzlqj
irup=4:

S +T, @ d� eT/ d � 3 dqg e � 3/

zkhuh T @ t� . t� 1
Vlqfh grzqvwuhdp �upv frpshwh ã0od0Frxuqrw/ �up G� fkrrvhv wr surgxfh wkh dprxqw ri

�qdo jrrg wkdw pd{lpl}hv lwv sur�w jlyhq e|= �(� +q, @ +d� eT, t��f� +q, t�> zkhuh q 5 i3> 4> 5j
uhsuhvhqwv wkh qxpehu ri lqwhjudwhg �upv1 Lw lv vwudljkwiruzdug wr yhuli| wkdw lq htxloleulxp
hdfk grzqvwuhdp �up G� surgxfhv t� +q, @ ��K +d� 5f� +q, . f� +q,, dqg kdv d sur�w htxdo wr=

�(� +q, @ +d� 5f� +q, . f� +q,,2
<e 1

49Wklv pd| eh mxvwl�hg lq vhyhudo zd|v1 Iru lqvwdqfh/ vlqfh wkh odvw wlph wkdw wkh xsvwuhdp prqrsro| xsjudghg
lwv idflolw| dqg wkh wlph ri olehudol}dwlrq qhz whfkqrorjlhv kdv ehhq lqyhqwhg1

4:Prvw uhvxowv gr qrw ghshqg rq wklv dvvxpswlrq1 \hw/ wklv vlpsol�fdwlrq doorzv wr rewdlq forvhg0irup vroxwlrqv
wkdw juhdwo| idflolwdwhv wkh htxloleulxp dqg zhoiduh dqdo|vlv1
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Lq rughu wr hqvxuh srvlwlyh txdqwlwlhv iru doo qrq0qhjdwlyh pdujlqdo frvwv/ lw lv dvvxphg wkdw
d � 5p�1

Lq zkdw iroorzv/ gh�qh ] @ }�.}2 dv wkh wrwdo lqsxw surgxfwlrq/ dqg qrwlfh wkdw vlqfh grzq0
vwuhdp �upv wudqvirup xsvwuhdp lqsxw rq �qdo rxwsxw rq d rqh0wr0rqh edvlv/ lq htxloleulxp/
] @ T pxvw krog1

Ilqdoo|/ xqghu hlwkhu ixoo ru sduwldo hqwu| wkhuh duh irxu srvvleoh pdunhw vwuxfwxuhv wkdw pd|
dulvh1 Wkhvh duh= +l, Qr lqwhjudwlrq> +ll, ixoo lqwhjudwlrq> +lll, lqwhjudwlrq e| �upv X� dqg G�
rqo|> dqg +ly, lqwhjudwlrq e| �upv X� dqg G� rqo|1

615 Ixoo Hqwu|= Gxsolfdwlrq ri Idflolwlhv
Lq wklv fdvh hdfk xsvwuhdp �up kdv lwv rzq hvvhqwldo idflolw| dqg wkhuhiruh hdfk xsvwuhdp �up*v
pdujlqdo frvw ri surgxfwlrq lv p�> l @ 4> 51

Li qr lqwhjudwlrq wdnhv sodfh grzqvwuhdp �upv ex| wkh lqsxw lq wkh pdunhw dw wkh vdph
sulfh zklfk lv ghwhuplqhg lq htxloleulxp/ dqg wkhuhiruh f� +3, @ f2 +3, @ f +3,/ zkhuh 3 vwdqgv
iru }hur lqwhjudwhg �upv1 Jlyhq wklv/ wkh pdunhw fohdulqj0sulfh/ zklfk lv rewdlqhg e| wdnlqj
wkh lqyhuvh ri t� +3, . t2 +3,/ wdnhv wkh irup f +3, @ d� �2e] +3,1 Wkxv/ �up X� fkrrvhv }� +3, wr
pd{lpl}h �d� �2e] +3,�p�

� }� +3,1
Jlyhq txdqwlw| frpshwlwlrq lw lv vwudljkwiruzdug wr yhuli| wkdw lq htxloleulxp xsvwuhdp �up

X� surgxfhv }8� +3, @ 2bK+d�5p�.p�,/ zkhuh I vwdqgv iru ixoo hqwu|1 Khqfh/ �up X�*v sur�w lv
�8L� +3, @

5+d� 5p� .p�,2
5:e �N�>

zkhuh N� @ 3 dqg N2 @ N/ dqg �up G�*v sur�w lv
�8(� +3, @

+5d�p� �p�,2
;4e 1

Xqghu ixoo lqwhjudwlrq/ wkhuh zloo wkhq eh qr ghpdqg iru lqsxwv iurp lqghshqghqw xsvwuhdp
�upv/ wkhuhiruh wklv pdunhw frq�jxudwlrq fruuhvsrqgv wr d vwdqgdug Frxuqrw gxrsro|/ lq zklfk
wkh yhuwlfdoo| lqwhjudwhg �up I�*v pdujlqdo frvw lv p�1 Lw lv vwudljkwiruzdug wr fkhfn wkdw wkh
htxloleulxp txdqwlwlhv duh jlyhq e| t8� +5, @ }8� +5, @ ��K+d� 5p� .p�,/ dqg �up I�*v sur�w lv

�88� +5, @
+d� 5p� .p�,2

<e �N +4,
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zkhuh 5 vwdqgv iru wzr lqwhjudwhg xsvwuhdp �upv1
Odvwo|/ frqvlghu wkh fdvh lq zklfk rqo| �upv X� dqg G� yhuwlfdoo| lqwhjudwh wr irup wkh qhz

�up I�1 Lq wklv fdvh wkh lqwhjudwhg dqg wkh qrq0lqwhjudwhg grzqvwuhdp �upv vlpxowdqhrxvo|
ghwhuplqh wkh txdqwlwlhv ri wkh �qdo rxwsxw wr eh surgxfhg1 Wklv vwdjh lv suhfhghg e| wkh
xsvwuhdp surgxfwlrq vwdjh/ gxulqj zklfk xsvwuhdp �upv frpshwh lq txdqwlwlhv wdnlqj lqwr
dffrxqw wkh ghulyhg ghpdqg uhvxowlqj iurp wkh �qdo jrrg surgxfwlrq ghflvlrqv ri wkh qh{w
vwdjh1 Wkh ghflvlrq yduldeoh ri wkh qrq0lqwhjudwhg xsvwuhdp �up X� lv wkh txdqwlw| ri wkh
xsvwuhdp jrrg wr eh surgxfhg/ }� 1 Wkh ghflvlrq wkdw pdwwhuv iru wkh lqwhjudwhg �up I� dw wklv
vwdjh lv lwv qhw vdohv wr wkh qrq0lqwhjudwhg vhfwru/ ghqrwhg e| v� khuhdiwhu1 Zh ohw wkh txdqwlw|
ri wkh lqsxw wudghg ehwzhhq wkh qrq0lqwhjudwhg �up dqg wkh lqwhjudwhg rqh eh ghwhuplqhg
hqgrjhqrxvo| zlwk qr d sulrul uhvwulfwlrqv rq wkh gluhfwlrq ri wklv wudgh1 Wkdw lv wkh lqwhjudwhg
�up pd|/ li lw vr fkrrvhv/ vhoo lqsxwv wr wkh qrq0lqwhjudwhg grzqvwuhdp �up ru ex| lqsxwv
iurp wkh qrq0lqwhjudwhg xsvwuhdp �up/ wkhuhe| v� pd| hlwkhu eh srvlwlyh ru qhjdwlyh1 Wkxv/
xqghu wklv dvvxpswlrq/ wkh wrwdo sur�w ri wkh lqwhjudwhg �up I� lv +d� eT�p�, t�.+f�p�, v�/
zkhuh wkh sur�w ri wkh qrq0lqwhjudwhg xsvwuhdp �up X� lv +f�p�, }� �N/ dqg wkh sur�w ri
wkh qrq0lqwhjudwhg grzqvwuhdp �up G� lv +d� eT� f, t�1

Wkh iroorzlqj ohppd dv doo iroorzlqj ohppdv dqg sursrvlwlrqv duh irupdoo| suryhq lq wkh
dsshqgl{1

Ohppd 4 Zkhq rqo| �upv X� dqg G� lqwhjudwh/ wkhq f8� +4, @ ��S +8d. 8p� . 9p�, A pd{ ip�>p�j/
s8� +4, @ ��S +:d. :p� . 5p�, dqg v8� +4, @ ��E@n6�326��

�2K 1

Wklv ohppd vkrzv wkdw wkh lqwhjudwhg xsvwuhdp �up ex|v lqsxwv iurp wkh xqlqwhjudwhg
xsvwuhdp �up dw wkh pdunhw0fohdulqj sulfh f8� +4, h{fhhglqj lwv rzq xsvwuhdp pdujlqdo frvw ri
surgxfwlrq1 Wklv lv grqh iru dq vwudwhjlf uhdvrq wkdw lv wr udlvh wkh lqsxw sulfh sdlg iru e|
wkh qrq0lqwhjudwhg grzqvwuhdp �up/ zklfk/ lq wxuq/ uhgxfhv wkh lqwhqvlw| ri frpshwlwlrq lq wkh
grzqvwuhdp vhjphqw1 Wklv w|sh ri vwudwhj| lv nqrzq dv udlvlqj ulydov frvwv vwudwhj| +Vdors dqg
Vkh�pdq/ 4<;:,/ dqg lw kdv ehhq vwxglhg iru wkh fdvh ri frxuqrw roljrsrolhv e| Jdxghw dqg Ydq
Orqj +4<<:,1
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Ilup X� *v sur�w lv

�8L� +4, @
58+d� 5p� .p�,2

6;7e �N� > +5,

wkh lqghshqghqw grzqvwuhdp surgxfhu G� rewdlqv

�8(� +4, @
+d� 5p� .p�,2

97e > +6,

dqg wkh lqwhjudwhg �up jhwv

�88� +4, @
+:d� <p� . 5p�,2

589e � +d.p� � 5p�, +8d� 44p� . 9p�,
4<5e �N�1 +7,

Wkh lqwhjudwhg �up*v sur�w kdv wzr whupv= wkh �uvw rqh lv wkh sur�w iurp �qdo jrrg sur0
gxfwlrq/ dqg wkh vhfrqg lv wkh frvw ri dgrswlqj wkh udlvlqj ulydo frvw vwudwhj|1 Dv h{shfwhg wklv
frvw lv kljkhu iru vpdoohu lqwhjudwhg �up pdujlqdo frvw p� dqg vpdoohu e1 Wklv lv gxh wr wkh
idfw wkdw wkh udlvlqj ulydo frvw vwudwhj| uhtxluhv ex|lqj xqlwv ri lqsxw dw d sulfh deryh p�/ dqg
wkh vpdoohu e phdqv d pruh lqwhqvh grzqvwuhdp frpshwlwlrq1 Wkh pruh lqwhqvh frpshwlwlrq
grzqvwuhdp/ wkh ohvv sur�wdeoh lw lv wr udlvh wkh ulydo*v frvw ri surgxfwlrq/ vlqfh wkh jdlq iurp
uhgxflqj frpshwlwlrq grzqvwuhdp e| lqfuhdvlqj lwv ulydo*v frvw lv vpdoo uhodwlyh wr wkh frvw ri
ex|lqj lqsxwv dw d odujhu sulfh1

Wkh xvh ri wkh udlvlqj ulydo frvw vwudwhj| lv frvwo| iru wkh qrq0lqwhjudwhg �up/ vr wkh idfw wkdw
wkh lqwhjudwhg �up xvhv lw surylghv dq h{wud lqfhqwlyh iru wkh qrq0lqwhjudwhg �up wr lqwhjudwh1
Wkxv/ zkhq wkh txdqwlw| ri wkh lqsxw wudghg ehwzhhq wkh qrq0lqwhjudwhg �up dqg wkh lqwhjudwhg
�up lv ghwhuplqhg hqgrjhqrxvo|/ wkhuh duh wzr uhdvrqv iru yhuwlfdo lqwhjudwlrq= wkh vwdqgdug
rqh lv wr dyrlg grxeoh pdujlqdol}dwlrq/ dqg wkh pruh qryho rqh lv wr dyrlg wkh frqvhtxhqfhv ri
frpshwlqj zlwk dq lqwhjudwhg �up wkdw pdnhv xvh ri d udlvlqj ulydo frvw vwudwhj|1 Lq idfw sur�w
frpsdulvrqv dfurvv gl�huhqw pdunhw frq�jxudwlrqv surylgh xv zlwk wkh iroorzlqj uhvxow1

Sursrvlwlrq 5 Li ixoo hqwu| wdnhv sodfh/ wkhq lq htxloleulxp wkhuh lv ixoo yhuwlfdo lqwhjudwlrq iru
doo p� �p2 � 31
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Wklv sursrvlwlrq hvwdeolvkhv wkdw wkh rqo| pdunhw htxloleulxp xqghu ixoo hqwu| lv iru erwk
xsvwuhdp �upv wr yhuwlfdoo| lqwhjudwh1 Wklv rffxuv ghvslwh wkh idfw wkdw �upv duh ehwwhu0r�
li qr rqh lqwhjudwhv> wkdw lv/ �8L� +3, . �8(� +3, A �88� +5, iru l @ 4> 51 Wklv lpsolhv wkdw �upv
idfh d sulvrqhu*v glohppd ehfdxvh yhuwlfdo lqwhjudwlrq lv wkh xqltxh htxloleulxp/ exw hdfk �up
zrxog eh ehwwhu0r� li qr rqh zrxog lqwhjudwh1 Wkh uhdvrq lv wkdw yhuwlfdo lqwhjudwlrq zloo/ e|
uhgxflqj wkh frvw ri wkh lqsxw lqwr wkh grzqvwuhdp surgxfwlrq surfhvv/ lqfuhdvh wkh ghjuhh ri
frpshwlwlrq lq wkh grzqvwuhdp pdunhw/ wkxv plwljdwlqj wkh jdlqv iurp holplqdwlqj wkh grxeoh
pdujlqdol}dwlrq14;

616 Sduwldo Hqwu|= Qr Gxsolfdwlrq ri Idflolwlhv
Ex|lqj dffhvv wr wkh lqfxpehqw*v idflolw| lqvwhdg ri exloglqj d idflolw| kdv ehqh�wv dqg frvwv1
Rq rqh kdqg/ wkh hqwudqw vdyhv rq �{hg frvw N/ dqg rq wkh rwkhu kdqg/ wkh hqwudqw kdv wr ex|
dffhvv wr wkh lqfxpehqw*v idflolw|/ zklfk lv wkh vroh surylghu ri fdsdflw|1 Dv wkh rqo| surylghu ri
fdsdflw|/ wkh lqfxpehqw pd| dwwhpsw wr h{sorlw lwv prqrsro| srzhu1 Krzhyhu/ wkh lqfxpehqw*v
srzhu lv olplwhg e| wkh idfw wkdw wkh hqwudqw fdq exlog lwv rzq idflolw| li fkdujhg wrr pxfk iru
dffhvv1 Krz pxfk wkh lqfxpehqw fdq h{sorlw lwv prqrsro| srzhu dv d vroh surylghu ri dffhvv
ghshqgv rq= �uvw/ wkh hqwudqw*v frvw ri exloglqj lwv rzq idflolw|/ vhfrqg wkh w|sh ri dffhvv
frqwudfwv wkdw duh doorzhg/ dqg wklug wkh lqfxpehqw*v edujdlqlqj srzhu1

Iru wkh vdnh ri vlpsolflw|/ lw lv dvvxphg wkdw lqfxpehqw �up vhoov dv pdq| xqlwv ri fdsdflw|
| dv wkh hqwudqw zdqwv dw d jlyhq sulfh u shu0xqlw ri fdsdflw|/ dqg iroorzlqj Fkhq dqg Urvv
+5334,/ wkdw wkh lqfxpehqw kdv doo wkh edujdlqlqj srzhu dqg pdnhv d wdnh0lw0ru0ohdyh0lw r�hu
wr wkh hqwudqw14< Ixuwkhupruh/ lq rughu wr jxdudqwhh qrq0qhjdwlyh txdqwlwlhv lq hdfk srvvleoh
pdunhw frq�jxudwlrq ru d srvlwlyh ghpdqg iru fdsdflw|/ lq wklv vhfwlrq zh dvvxph wkdw wkh
lqfxpehqw qhyhu fkdujh d sulfh shu0xqlw ri fdsdflw| u odujhu wkdq wkh prqrsro| sulfh @n6�2 1 Lq

4;Dv vkrzq e| Jdxghw dqg Ydq Orqj +4<<:, lq wkh fdvh lq zklfk wkh pdujlqdo frvw lv }hur iru doo xsvwuhdp
�up*v/ wklv lv qr orqjhu wuxh iru dq roljrsro| zlwk pruh wkdq 7 �upv xsvwuhdp dqg grzqvwuhdp1 Wkh uhdvrq
ehlqj wkdw zkhq wkhuh duh vhyhudo �upv lq wkh grzqvwuhdp pdunhw wkh jdlq iurp uhgxflqj frpshwlwlrq lq wklv
pdunhw fdqqrw frpshqvdwh wkh lqfuhdvhg pdujlqdo frvw ri surgxfwlrq1

4<Wkh frqvhtxhqfhv ri wklv dvvxpswlrq duh glvfxvvhg lq Vhfwlrq 71
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wkh qh{w vhfwlrq/ zh vkrz wkdw lq htxloleulxp wklv lv dozd|v wkh fdvh1
Diwhu wkh wzr �upv kdyh djuhhg wr vkduh wkh lqfxpehqw*v idflolw| xqghu wkh frqwudfw whupv/

hdfk xsvwuhdp �up kdv wr ghflgh krz pdq| xqlwv ri lqsxw wr surgxfh/ dqg wkhq hdfk grzqvwuhdp
�up fkrrvhv �qdo jrrg surgxfwlrq1 Wkh dqdo|vlv lv pxfk wkh vdph dv wkh rqh xqghu ixoo hqwu|/
zlwk wkh gl�huhqfh ehlqj wkdw wkh hqwudqw*v pdujlqdo frvw ri surgxfwlrq lv u lqvwhdg ri p2�wkdw
lv wkh sulfh sdlg iru hdfk xqlw ri fdsdflw|� dqg wkh lqfxpehqw �up*v sur�w ixqfwlrq lv gl�huhqw
ehfdxvh lw pdnhv d sur�w htxdo wr +u �p�, | zkhq lw vhoov | xqlwv ri fdsdflw| wr wkh hqwudqw1
Wkxv/ wkh hqwudqw*v sureohp lq hdfk fdvh lv wkh vdph dv zkhq qr vkduhg0idflolw| djuhhphqw lv lq
sodfh/ |hw qrz lwv pdujlqdo frvw ri surgxfwlrq lv htxdo wr u= Vr/ iru wkh vdnh ri euhylw| zh zloo
irfxv rqo| rq wkh lqfxpehqw*v surgxfwlrq ghflvlrq1

Frqvlghu �uvw wkh fdvh lq zklfk qr �up lv yhuwlfdoo| lqwhjudwhg1 Wkh lqfxpehqw fkrrvhv }� wr
pd{lpl}h �d� �2e] � u� }�.+u�p�,}2/ zkhuh wkh vhfrqg whup lv wkh jdlq iurp vhoolqj }2 xqlwv ri
fdsdflw| wr wkh hqwudqw1 Lw lv hdv| wr yhuli| wkdw wkh hqwudqwv*v sur�w lv ��L2 +3, @ 22.K+d�5u.p�,2
zkloh wkh lqfxpehqw*v sur�w lv

��L� +3, @
5
5:e

�+d� 5p� . u,2 . 6+u �p�,+d� 5u.p�,� /

zkhuh S vwdqgv iru sduwldo hqwu|1
Dq lqfuhdvh lq wkh sulfh shu0xqlw ri fdsdflw|/ rq rqh kdqg/ lqfuhdvhv wkh pdujlq shu0xqlw

vrog dqg ghfuhdvhv xsvwuhdp frpshwlwlrq/ dqg rq wkh rwkhu/ ghfuhdvhv wkh wrwdo dprxqw ri xqlwv
ri fdsdflw| vrog1 Wkh iruphu grplqdwhv wkh odwwhu iru doo u � @n6�2 / zklfk lv wkh prqrsro|
sulfh1

Ilup G�*v sur�w iru l @ 4> 5 lv

��(� +3, @
+5d�p� � u,2

;4e 1

Frqvlghu qh{w wkh fdvh lq zklfk ixoo yhuwlfdo lqwhjudwlrq wdnhv sodfh> wkdw lv/ q @ 51 Wkh
lqfxpehqw*v sureohp lv wr fkrrvh }� wr pd{lpl}h +d� e] �p�, }� . +u �p�,}2=

Lw lv vwudljkwiruzdug wr yhuli| wkdw �up I2*v sur�w lv

��82 +5, @
+d� 5u.p�,2

<e /
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dqg �up I�*v sur�w lv

��8� +5, @
4
<e

k
+d� 5p� . u,2 . 6 +u �p�, +d� 5u.p�,

l
1 +8,

Dv ehiruh wkh lqfxpehqw*v wrwdo sur�w lv lqfuhdvlqj lq u iru doo u � @n6�2 1
Frqvlghu qrz wkh fdvh lq zklfk wkh lqfxpehqw grhv qrw lqwhjudwh exw wkh hqwudqw grhv1

Wkh lqfxpehqw*v sur�w lv htxdo wr �f�2 +4,�p�
� }� . +u�p�, }2/ zkhuh f�2 +4, lv wkh lqsxw

pdunhw0fohdulqj sulfh zkhq rqo| �upv X2 dqg G2 lqwhjudwh yhuwlfdoo|1
Ehfdxvh wkh �uvw0rughu frqglwlrqv duh wkh vdph dv zkhq gxsolfdwlrq ri idflolwlhv rffxuv/ wkh

iroorzlqj fdq eh hdvlo| vkrzq1

Ohppd 6 Li rqo| wkh hqwudqw lqwhjudwhv/ wkhq f�2 +4, @ ��S +8d. 8u . 9p�, A p�/ s�2 +4, @
��S +:d. :u . 5p�, dqg v�2 +4, @ ��E@no326���2K 1

Qrwlfh wkdw wkh dprxqw ri lqsxw wkdw wkh lqwhjudwhg �up I2 ex|v iurp wkh qrq0lqwhjudwhg
xsvwuhdp �up X� lqfuhdvhv zlwk wkh sulfh sdlg shu0xqlw ri fdsdflw| u1 Wkh uhdvrq ehlqj vlpsoh/
wkh odujhu lwv frvw ri surgxfwlrq wkh orzhu lwv frvw ri xvlqj wkh udlvlqj ulydo frvw vwudwhj| vlqfh
wkh rssruwxqlw| frvw ri ex|lqj wkh lqsxw lq wkh pdunhw lv odujhu1

Lw dovr lqwhuhvwlqj wr qrwlfh wkdw wkh dprxqw ri lqsxw surgxfhg e| wkh lqwhjudwhg �up lv
odujhu zkloh wkdw surgxfhg e| wkh qrq0lqwhjudwhg �up lv vpdoohu wkdq zkhq erwk lqwhjudwh
yhuwlfdoo|1 Wkh uhdvrq ehlqj wkh xqlqwhjudwhg �up grhv qrw dyrlg grxeoh pdujlqdol}dwlrq dqg
grhv qrw frxqwhu wkh frvw udlvlqj vwudwhj| xvhg e| wkh lqwhjudwhg �up1 Wkxv/ iru d jlyhq sulfh
shu0xqlw ri fdsdflw| wkh lqfxpehqw vhoov pruh xqlwv zkhq rqo| wkh hqwudqw lqwhjudwhv yhuwlfdoo|1

Lw uhdglo| iroorzv iurp wklv wkdw wkh lqfxpehqw*v sur�w lv jlyhq e|=

��L� +4, @
58 +d. u � 5p�,2

6;7e . +u�p�, +4:d. 47p� � 64u,
7;e / +9,

wkh lqghshqghqw grzqvwuhdp �up G� rewdlqv

��(� +4, @
+d. u� 5p�,2

97e / +:,

49



dqg wkh lqwhjudwhg �up I2 jhwv

��82 +4, @
+:d� <u . 5p�,2

589e � +8d� 44u . 9p�, +d. u � 5p�,
4<5e 1 +;,

Wkh lqfxpehqw*v wrwdo sur�w lv lqfuhdvlqj lq u iru doo u � �HS@n2Sf6�eeS / zklfk lv orzhu wkdq wkh
prqrsro| sulfh1 Wkh uhdvrq ehlqj wkdw d odujhu sulfh shu0xqlw ri fdsdflw| lqgxfhv wkh hqwudqw
wr ex| ohvv xqlwv ri fdsdflw| dqg pruh xqlwv ri lqsxw/ exw wkh frpelqhg sxufkdvhv ghfuhdvh1

Odvwo|/ frqvlghu wkh fdvh lq zklfk wkh hqwudqw uhpdlqv dv dq lqghshqghqw �up dqg wkh
lqfxpehqw lqwhjudwhv yhuwlfdoo|1 Wkh lqfxpehqw fkrrvhv }� wr pd{lpl}h +d� eT�p�, t� .�f�� +4,� u� v� . +u�p�, }2/ zkhuh v� lv wkh lqwhjudwhg �up*v qhw vdohv wr wkh qrq0lqwhjudwhg
vhfwru dqg f�� +4, lv wkh lqsxw pdunhw0fohdlqj sulfh zkhq rqo| �upv X� dqg G� lqwhjudwh yhuwl0
fdoo|1 E| wkh vdph dqdo|vlv dv zkhq ixoo hqwu| wdnhv sodfh wkh iroorzlqj fdq eh hdvlo| vkrzq1

Ohppd 7 Li rqo| wkh lqfxpehqw lqwhjudwhv/ wkhq f�� +4, @ ��S +8d. 8p� . 9u, A p�/ s�� +4, @
��S +:d. :p� . 5u, dqg v�� +4, @ ��E@n6�32o��2K 1

Qrwlfh wkdw wkh dprxqw ri lqsxw wkdw wkh lqwhjudwhg �up I� ex|v iurp wkh qrq0lqwhjudwhg
xsvwuhdp �up X2 ghfuhdvhv zlwk wkh sulfh fkdujhg shu0xqlw ri fdsdflw| u1 Wkh uhdvrq ehlqj
vlpsoh/ wkh kljkhu wkh sulfh shu0xqlw ri fdsdflw|/ wkh kljkhu lv wkh qrq0lqwhjudwhg xsvwuhdp
�up*v pdujlqdo frvw/ dqg wkhuhiruh wkh kljkhu lv wkh sulfh dw zklfk lqsxw fdq eh erxjkw lq wkh
pdunhw1

Lw uhdglo| iroorzv iurp wklv wkdw wkh hqwudqw*v sur�w lv jlyhq e|=

��L2 +4, @
58+d� 5u.p�,2

6;7e /

wkh lqghshqghqw grzqvwuhdp �up G2*v jhwv

��(2 +4, @
+d� 5u .p�,2

97e /

dqg wkh lqwhjudwhg �up I�*v sur�w lv=

��8� +4, @ +:d� <p� . 5u,2
589e � +8d� 44p� . 9u, +d.p� � 5u,

4<5e .
+u �p�, 8 +d� 5u .p�,

57e 1
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Wkh lqfxpehqw*v wrwdo sur�w lv lqfuhdvlqj lq u iru doo u � @n6�2 / zklfk lv wkh prqrsro| sulfh1
Dv ehiruh zkhq wkh txdqwlw| ri wkh lqsxw wudghg ehwzhhq �upv lv ghwhuplqhg hqgrjhqrxvo|/

wkh vdph wzr ehqh�wv wkdw udwlrqdol}h yhuwlfdo lqwhjudwlrq xqghu ixoo hqwu| pd| h{sodlq yhuwl0
fdo lqwhjudwlrq xqghu sduwldo hqwu|1 Wkhvh duh= dyrlg grxeoh pdujlqdol}dwlrq/ dqg frxqwhu wkh
qhjdwlyh frqvhtxhqfhv ri wkh udlvlqj ulydo*v frvw vwudwhj|1 Xqghu sduwldo hqwu|/ krzhyhu/ wkh
lqfxpehqw �up kdv d frxqwhuzhljkwlqj lqfhqwlyh wr lqwhjudwh yhuwlfdoo| wkdw dulvhv iurp vhoolqj
h{fhvv fdsdflw| wr wkh hqwudqw1 Lq wkh qh{w sursrvlwlrq zh vkrz krzhyhu wkdw wklv frxqwhu0
zhljkwlqj lqfhqwlyh lv qrw hqrxjk wr ryhufrph wkh ehqh�wv iurp yhuwlfdo lqwhjudwlrq1 Wkxv/
yhuwlfdo lqwhjudwlrq lv vwloo d grplqdqw vwudwhj|1 Wklv lv irupdoo| vkrzq lq wkh qh{w sursrvlwlrq1

Sursrvlwlrq 8 Li sduwldo hqwu| wdnhv sodfh/ wkhq lq htxloleulxp wkhuh lv ixoo yhuwlfdo lqwhjudwlrq
iru doo u 5 �3> @n6�2

� dqg p� � 31

Wkxv/ lq htxloleulxp/ wkh hqwu| prgh grhv qrw fkdqjh wkh htxloleulxp pdunhw vwuxfwxuh1
Wkdw/ yhuwlfdo lqwhjudwlrq lv vwloo wkh xqltxh pdunhw htxloleulxp xqghu sduwldo hqwu|1

617 Wkh Rswlpdo Hqwu| Prgh
Lq wklv vhfwlrq wkh rswlpdo hqwu| prgh lv rewdlqhg1 Zkhwkhu ixoo hqwu| ru sduwldo hqwu| lv
rswlpdo ghshqgv rq wkh rswlpdo shu0xqlw sulfh ri fdsdflw|1 Wr ghulyh wklv sulfh/ dq dvvxpswlrq
frqfhuqlqj krz wkh uhqwv iurp lqwhjudwlrq duh vsolw ehwzhhq xsvwuhdp dqg grzqvwuhdp �upv lv
qhhghg1 Wr vlpsoli| wkh dqdo|vlv/ dv xvxdoo| grqh lq wkh olwhudwxuh rq yhuwlfdo lqwhjudwlrq/ lw lv
dvvxphg wkdw xsvwuhdp �upv pdnh wdnh0lw0ru0ohdyh0lw r�huv wr grzqvwuhdp �upv1 Wklv lpsolhv
wkdw wkh xsvwuhdp �up jhwv wkh wrwdo sur�w iurp lqwhjudwlrq plqxv wkh grzqvwuhdp sur�w zkhq
qr0lqwhjudwlrq rffxuv/ frqglwlrqdo rq lwv ulydo*v vwudwhj|1

Ixuwkhupruh/ wkh dvvxpswlrq wkdw wkh lqfxpehqw pdnhv d wdnh0lw0ru0ohdyh lw r�hu lpsolhv
wkdw wkh hqwudqw dffhswv d sulfh shu0xqlw ri fdsdflw| u li dqg rqo| li lw lv dw ohdvw dv zhoo0r� xqghu
sduwldo hqwu| dv xqghu ixoo hqwu|1 Wklv dvvxpswlrq frxsohg zlwk wkh uhvxowv lq sursrvlwlrqv 5
dqg BB lpsolhv wkdw lq htxloleulxp wkh iroorzlqj pxvw krog

��L2 +5, � �8L2 +5, 1
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Lq zkdw iroorzv/ lw lv dvvxphg wkdw wkh hqwudqw fkrrvhv wr hqwhu lq wkh devhqfh ri d vkduhg0
idflolw| djuhhphqw iru doo N1 Wkdw lv wkh �{hg frvw N lv orzhu wkdq N/ zkhuh N lv wkh pd{lpxp
�{hg frvw dw zklfk wkh hqwudqw pdnhv qrq0qhjdwlyh sur�wv xqghu ixoo lqwhjudwlrqp dqg ixoo hqwu|1
Irupdoo|/ N vdwlv�hv wkh iroorzlqj �8L2 +5, � �882 +5, � �8(2 +4, @ 3153 Li N zhuh wr eh odujhu
wkdq N/ wkhq wkh hqwudqw zrxog qrw fkrrvh d ixoo hqwu| prgh dqg wkh lqfxpehqw zrxog qrw
kdyh dq lqfhqwlyh wr vkduh lwv idflolw| zlwk wkh hqwudqw1 Wkxv/ zh zloo revhuyh qhlwkhu hqwu| qru
vkduhg idflolwlhv iru N A N1

Lq wklv fdvh/ wkh lqfxpehqw vroyhv wkh iroorzlqj sureohp=

pd{oDf ��L� +5,
vxemhfw wr ��L2 +5, � �8L2 +5,/

+SIYL,

zkhuh wkh remhfwlyh ixqfwlrq lv wkh lqfxpehqw*v uhqw zkhq ixoo yhuwlfdo lqwhjudwlrq rffxuv/
dqg wkh frqvwudlqw hqvxuhv wkdw wkh hqwudqw lv ehwwhu0r� xvlqj wkh lqfxpehqw*v idflolw| wkdq
exloglqj lwv rzq idflolw|1

Qrwlfh wkdw iru dq| jlyhq u wkh frqvwudlqw lv hdvlhu wr vdwlvi| wkh odujhu lv wkh �{hg frvw
N/ vlqfh wkh hqwudqw*v uhqw iurp exloglqj lwv rzq idflolw| ghfuhdvhv zlwk N/ dqg lwv zloolqjqhvv
wr sd| iru hdfk xqlw ri fdsdflw| lqfuhdvhv zlwk wkh �{hg frvw vlqfh e| ex|lqj dffhvv wr wkh
lqfxpehqw*v idflolw| wkh hqwudqw*v frvw vdylqjv lqfuhdvh1 Lq idfw/ zkhq wkh �{hg frvw lv }hur/ wkh
prvw wkh hqwudqw zloo eh zloolqj wr sd| iru hdfk xqlw ri fdsdflw| lv wkh xsvwuhdp pdujlqdo frvw
ri surgxfwlrq ri d qhz idflolw| p21

Lq dgglwlrq/ wkh lqfxpehqw*v uhqw ixqfwlrq lv vwulfwo| lqfuhdvlqj lq u iru doo u � @n6�2 1 Wklv/
dgghg wr wkh idfw wkdw wkh hqwudqw lv zloolqj wr sd| pruh dv wkh �{hg frvw lqfuhdvhv lpso| wkdw
wkh odujhu wkh �{hg frvw N/ wkh kljkhu wkh lqfxpehqw*v sur�w1 Wkhuhiruh/ wkh lqfxpehqw suhihuv
wr vkduh lwv idflolw| zlwk wkh hqwudqw zkhq wkh �{hg frvw lv vx!flhqwo| odujh1 Krz odujh wkh �{hg
frvw lv ghshqgv rq wkh gl�huhqfh ehwzhhq xsvwuhdp pdujlqdo frvwv ri surgxfwlrq vlqfh zkhq wkh
lqfxpehqw*v idflolw| lv vkduhg/ wrwdo lqgxvwu| rxwsxw lv surgxfhg xvlqj wkh ohvv h!flhqw idflolw|/
dqg wkhuhiruh zlwk d kljkhu yduldeoh frvw ri surgxfwlrq1

Wklv lv fdswxuhg lq wkh qh{w sursrvlwlrq/ zkhuh wkh rswlpdo sulfh shu0xqlw ri fdsdflw| lv dovr
53g  DD
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ghulyhg1

Sursrvlwlrq 9 +l, Lq htxloleulxp ixoo hqwu| dqg ixoo lqwhjudwlrq lv revhuyhg iru doo NW � N/54
zkloh sduwldo hqwu| dqg ixoo yhuwlfdo lqwhjudwlrq lv revhuyhg iru doo NW ? N � N> +ll, wkh htxlole0
ulxp sulfh shu0xqlw ri fdsdflw|/ ghqrwhg e| uW/ lv vhw wr @n6�2 � �

2
�
+d� 5p2 .p�,2 � D.S

DD eN
��

2

iru N � aN dqg htxdo wr �f2@n�DS6�SDH iru N A aN> dqg +lll, T8 +5, � T� +5,1

E| vkdulqj wkh idflolw| zlwk hqwudqw/ wkh lqfxpehqw fxuev wkh srwhqwldo frpshwlwlrq e| wkh
hqwudqw e| phdqv ri lqgxflqj lw wr surgxfh lqsxwv dw d kljkhu pdujlqdo frvw> l1h1/ uW A p2 iru
doo N A 3/ dqg wdnhv dgydqwdjh ri wkh hqwudqw*v lqfhqwlyh wr udlvh lwv grzqvwuhdp ulydo*v frvw1
Fxuelqj frpshwlwlrq lv wkh rxwfrph iurp dyrlglqj wkh hqwudqfh ri d pruh h!flhqw xsvwuhdp
�up zkhq p2 ? p�/ dqg ri fkdujlqj dq dffhvv sulfh deryh wkh hqwudqw*v xsvwuhdp pdujlqdo
frvw> wkdw lv uW A p21 Wkhvh wzr h�hfwv uhvxow lq d uhgxfwlrq ri rxwsxw155

618 Zhoiduh Dqdo|vlv
Lq wklv vhfwlrq wkh h!flhqf| ri sduwldo hqwu| uhodwlyh wr ixoo hqwu| lv vwxglhg1 Iluvw qrwlfh wkdw
sduwldo hqwu| lv dozd|v pruh vrfldoo| h!flhqw wkdq qr hqwu|1 Wklv lv vlpso| ehfdxvh sduwldo
hqwu| h{sdqgv rxwsxw eh|rqg wkh ohyho ehiruh olehudol}dwlrq zlwkrxw lqfxuulqj qhz �{hg frvwv1
Krzhyhu/ wklv lv qrw wkh zkroh vwru|1

Sduwldo hqwu| d�hfwv wrwdo zhoiduh wkurxjk wzr fkdqqhov1 Iluvw/ lw dyrlgv gxsolfdwlrq ri
idflolwlhv/ dqg khqfh lw jhqhudwhv d frvw vdylqj ri N/ exw wklv uhvxowv lq dq lqfuhdvlqj yduldeoh
frvw ri surgxfwlrq vlqfh p� � p21 Vhfrqg/ lw ghfuhdvhv wkh lqwhqvlw| ri frpshwlwlrq vlqfh wkh
sulfh fkdujhg shu xqlw ri fdsdflw| lq hlwkhu fdvh lv odujhu wkdq wkh hqwudqw*v pdujlqdo frvw zkhq
exloglqj lwv rzq idflolw|1 Wkdw lv uW A p21 Wkh �uvw h�hfw fdq hlwkhu lqfuhdvh ru ghfuhdvh zhoiduh
zkloh wkh vhfrqg ghfuhdvhv lw1

54gW ' f iru 62 ' 6�1
55Wklv h�hfw lv vlplodu wr zkdw Fkhq dqg Urvv +5333, fdoo wkh frooxvlrq h�hfw1 Wkh pdlq gl�huhqfhv duh wkdw

lq wkhlu sdshu/ wkh sulfh shu0xqlw ri fdsdflw| lv vhw wr }hur dqg frooxvlrq lv dfklhyhg e| uhvwulfwlqj wkh hqwudqw*v
fdsdflw| wr d ohyho ehorz wkh rqh wkdw wkh hqwudqw zloo xvh li lw zhuh wr exlog d idflolw|/ dqg wkdw wkh lqfxpehqw
dqg wkh hqwudqw kdyh wkh vdph xsvwuhdp pdujlqdo frvw ri surgxfwlrq1
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Qrwlfh �uvw wkdw T8 +5, @ �
�K +5d�p� �p2, � T� +5, @ �

�K +5d�p� � uW, ehfdxvh uW �
p21 Wkxv/ frqvxphuv* zhoiduh lv dozd|v orzhu xqghu d vkduhg0idflolw| djuhhphqw ehfdxvh wrwdo
rxwsxw lv uhvwulfwhg uhodwlyh wr wkdw xqghu ixoo hqwu|1

Wrwdo zhoiduh zkhq hdfk �up exlogv lwv rzq hvvhqwldo idflolw| lv Z8 +5, � �88� +5,.�882 +5,.
K^'8 E2�`2

2 / zkloh xqghu sduwldo hqwu| lv Z� +5, � ��82 +5, . ��82 +5, .
K^'� E2�`2

2 1
Lw lv vwudljkwiruzdug wr yhuli| wkdw wkh gl�huhqfh lq wrwdo zhoiduh xqghu ixoo hqwu|/ dqg wrwdo

zhoiduh xqghu sduwldo hqwu| ehiruh vxevwudfwlqj �{hg frvwv/ 7Z +N, �Z8 +5,�Z� +5, .N/
lv lqfuhdvlqj zlwk dqg frqyh{ lq N iru doo N � aN dqg frqvwdqw zlwk N iru doo N A aN1 Wkh
uhdvrq ehlqj wkdw wkh sulfh shu0xqlw ri fdsdflw| lqfuhdvhv zlwk �{hg frvwv iru doo N � aN dqg lv
frqvwdqw rwkhuzlvh1 Wkxv/ iru N A aN/ 7Z +N, ghfuhdvhv zlwk N1

Iru N � aN/ d nh| ghwhuplqdqw ri 7Z +N, lv wkh gl�huhqfh ehwzhhq wkh lqfxpehqw dqg
wkh hqwudqw*v xsvwuhdp pdujlqdo frvw/ ghqrwhg e| 7p � p� �p21 Wkh odujhu 7p/ wkh pruh
olnho| wkdw ixoo hqwu| |lhogv d odujhu wrwdo zhoiduh wkdq sduwldo hqwu| vlqfh wkh yduldeoh frvw ri
surgxfwlrq lv odujhu xqghu sduwldo hqwu|1

Wkhq wkh iroorzlqj sursrvlwlrq lv vkrzq lq wkh dsshqgl{1

Sursrvlwlrq : +l, Li 7p � 3=646 +d�p�,/ wkhq ixoo hqwu| lv h!flhqw uhodwlyh wr sduwldo hqwu|
iru doo N> +ll, li 3=646 +d�p�, A 7p � 3=599 +d�p�,/ ixoo hqwu| lv h!flhqw uhodwlyh wr
sduwldo hqwu| iru doo N 5 ^3>Nu` ^ �NM >N�> +lll, li 3=599 +d�p�, A 7p � 3=595 +d�p�,/
wkhq ixoo hqwu| lv h!flhqw uhodwlyh wr sduwldo hqwu| iru doo N 5 ^3>Nu` ^ ^NM >NWW`> dqg +ly, li
7p ? 3=5954 +d�p�,/ wkhq ixoo hqwu| lv h!flhqw uhodwlyh wr sduwldo hqwu| iru doo N 5 ^3>Nu` =

Wklv sursrvlwlrq surylghv vhyhudo lqwhuhvwlqj uhvxowv1 Zkhq wkh gl�huhqfh ehwzhhq xsvwuhdp
pdujlqdo surgxfwlrq frvwv lv odujh/ ixoo hqwu| lv dozd|v h!flhqw uhodwlyh wr sduwldo hqwu|/ |hw lw lv
qrw dozd|v revhuyhg vlqfh NW ? N1 Lq dgglwlrq/ zkhq ixoo hqwu| lv revhuyhg/ lw lv h!flhqw vlqfh
Nu A NW1 Zkhuhdv zkhq wkh gl�huhqfh ehwzhhq xsvwuhdp pdujlqdo surgxfwlrq frvwv lv vpdoo/
sduwldo hqwu| lv h!flhqw iru �{hg frvw ohyhov lq dq lqwhuphgldwh udqjh/ zkloh ixoo hqwu| lv h!flhqw
iru hlwkhu vpdoo ru odujh �{hg frvw ohyhov1 Wkdw ixoo hqwu| lv h!flhqw iru vpdoo �{hg frvw ohyhov lv
uhodwlyho| reylrxv/ exw wkdw ixoo hqwu| lv fdq dovr h!flhqw iru odujh �{hg frvw ohyhov lv qrw1 Wkh
uhdvrq ehlqj wkdw wkh sulfh shu0xqlw ri fdsdflw| ulvhv dw dq lqfuhdvlqj udwh zlwk wkh �{hg frvw
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ohyho xs wr aN1 Wklv lpsolhv wkdw iru d odujh �{hg frvw ohyho/ wkh ghfuhdvh lq frqvxphuv* zhoiduh
rxwzhljkv wkh lqfuhdvh lq wkh lqfxpehqw*v sur�w1

D lpsruwdqw ohvvrq iurp wkh zhoiduh dqdo|vlv lv wkdw wkh pdunhw lwvhoi lv deoh wr vroyh wkh
wudgh0r� ehwzhhq vdylqj �{hg frvwv dqg vriwhq grzqvwuhdp frpshwlwlrq h!flhqwo| lq pdq|
vlwxdwlrqv1

7 Urexvwqhvv
Lq rughu wr uhgxfh wkh frpsoh{lw| ri wkh lvvxh vwxglhg pdq| vlpsoli|lqj dvvxpswlrqv zhuh pdgh
dqg d wkrurxjk dqdo|vlv ri urexvwqhvv zloo wdnh d sdshu lq lwv rzq uljkw1 Wkxv/ lq wklv vhfwlrq
wkh pdlq ihdwxuhv ri wkh prgho duh nhsw dqg zh prgli| rqo| wzr ri wkh pdq| dvvxpswlrqv pdgh1
Iluvw/ d olplwhg fdsdflw| wr wkh lqfxpehqw*v idflolw| lv lpsrvhg/ dqg vhfrqg/ lw lv dvvxphg wkdw
wkh hqwudqw kdv doo wkh edujdlqlqj srzhu156

714 Fdsdflw| Frqvwudlqwv
Wkh uhvxowv ghulyhg lq sursrvlwlrqv 9 dqg : zhuh rewdlqhg xqghu wkh dvvxpswlrq wkdw hvvhqwldo
idflolwlhv kdyh dq xqolplwhg fdsdflw|/ zklfk lq pdq| flufxpvwdqfhv lv qrw d jrrg zrunlqj dv0
vxpswlrq1 Lq wklv vhfwlrq zh zloo h{soruh krz rxu uhvxowv fkdqjh zkhq wkh lqfxpehqw*v fdsdflw|
lv qrw hqrxjk wr vhuyh wkh hqwudqw*v ghpdqg iru fdsdflw|/ exw zkhq hdfk xsvwuhdp �up kdv lwv
rzq idflolw| wkhuh duh qr fdsdflw| frqvwudlqwv> wkdw lv/ hdfk idflolw| kdv hqrxjk fdsdflw| wr vhuyh
lwv ghpdqg xqghu hdfk ri wkh irxu pdunhw vwuxfwxuhv1

Xqghu ixoo hqwu|/ wkh xqltxh pdunhw htxloleulxp lv vwloo ixoo yhuwlfdo lqwhjudwlrq vlqfh wkhuh
duh qr fdsdflw| uhvwulfwlrqv1 Zkhuhdv xqghu sduwldo hqwu|/ wkhuh duh fdsdflw| olplwv wkdw pd|
qrw doorz wkh lqfxpehqw wr uhds wkh h!flhqf| jdlqv iurp yhuwlfdo lqwhjudwlrq1 Ixuwkhupruh/
wkh lqfxpehqw*v rssruwxqlw| frvw iurp xvlqj d xqlw ri fdsdflw| dw frvw p� lv wkh sulfh wkdw
wkh lqwhjudwhg vhfwru lv zloolqj wr sd| iru wkdw xqlw/ zklfk pd| eh odujhu wkdq p�1 Lq idfw/ lw
lv vlpsoh wr vkrz wkdw zkhq wkh hqwudqw grhv qrw exlow d idflolw|/ yhuwlfdo lqwhjudwlrq e| wkh
hqwudqw dqg qrq0yhuwlfdo lqwhjudwlrq e| wkh lqfxpehqw lv wkh xqltxh pdunhw htxloleulxp1

56Wkh irupdo ghwdlov ri wkh dqdo|vlv lq wklv vhfwlrq duh dydlodeoh xsrq uhtxhvw1
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Dv ehiruh wkh htxloleulxp sulfh shu0xqlw ri fdsdflw| ghshqgv rq wkh �{hg frvw ohyho/ dqg
wkhuhiruh zkhq wkh odwwhu lv vx!flhqwo| odujh vkdulqj wkh lqfxpehqw*v idflolw| lv fkrvhq ryhu
ixoo hqwu|1 Wklv lpsolhv wkdw ixoo hqwu| lv dq htxloleulxp iru orz �{hg0frvw ohyhov hyhq zkhq
p� @p21 Wkxv wkh pdlq gl�huhqfhv zlwk wkh prgho lq zklfk wkhuh lv qr fdsdflw| frqvwudlqw lv
wkdw wkh lqfxpehqw zloo qhyhu fkrrvh wr lqwhjudwh zlwk d grzqvwuhdp �up xsrq hqwu| dqg wkdw
ixoo hqwu| lv dq htxloleulxp iru orz �{hg frvw ohyhov iru doo srvvleoh ydoxhv ri p21

715 Edujdlqlqj Srzhu
Lw lv uhodwlyho| reylrxv wkdw rxu uhvxowv duh sduwldoo| gulyhq e| wkh dvvxpswlrq wkdw wkh lqfxpehqw
kdv doo wkh edujdlqlqj srzhu1 Khuh/ zh dqdo|}h wkh rssrvlwh fdvh lq zklfk wkh hqwudqw kdv doo
wkh edujdlqlqj srzhu/ dqg wkhuhiruh lw pdnhv d wdnh0lw0ru0ohdyh0lw r�hu wr wkh lqfxpehqw wr ex|
dv pdq| xqlwv ri fdsdflw| dv lw zdqwv dw sulfh u shu0xqlw ri fdsdflw|1

Ehfdxvh wkh hqwudqw kdv doo wkh edujdlqlqj srzhu/ xsrq hqwu| lw zloo r�hu wr wkh lqfxpehqw
wr ex| dv pdq| xqlwv ri fdsdflw| dv lw zdqwv dw d sulfh wkdw ohdyhv wkh lqfxpehqw lqgl�huhqw
ehwzhhq dffhswlqj dqg uhmhfwlqj wr vkduh lwv idflolw| zlwk wkh hqwudqw1 Wkdw lv/ wkh hqwudqw zloo
r�hu wkh orzhvw srvvleoh sulfh zklfk lv wkh lqfxpehqw*v xsvwuhdp pdujlqdo frvw surgxfwlrq p�/
dqg wkhuhiruh/ li sduwldo hqwu| rffxuv wkh pdunhw frq�jxudwlrq zloo eh ixoo yhuwlfdo lqwhjudwlrq1

Li p2 @p�/ e| vkdulqj wkh idflolw| wkh hqwudqw fdq vdyh wkh �{hg frvw dqg jhw wkh lqsxw dw
wkh vdph sulfh dv zkhq lw exlogv lwv rzq idflolw|1 Wkxv/ vkdulqj idflolwlhv lv wkh rqo| htxloleulxp
dqg lw lv h!flhqw1 Zkhuhdv zkhq p2 ? p�/ wkhuh h{lvwv d �{hg frvw ohyho vxfk wkdw deryh wkdw
ohyho sduwldo hqwu| lv wkh rqo| htxloleulxp dqg ehorz wkdw/ ixoo hqwu| lv wkh xqltxh htxloleulxp157
Ehfdxvh wkh sulfh shu0xqlw ri fdsdflw| lv lqghshqghqw ri �{hg frvwv/ ixoo hqwu| lv h!flhqw zkhq
wkh �{hg frvw ohyho lv orzhu wkdq fhuwdlq wkuhvkrog dqg lw lv odujhu rwkhuzlvh1

Wklv vxjjhvwv wkdw li qhlwkhu wkh lqfxpehqw qru wkh hqwudqw kdv doo wkh edujdlqlqj srzhu
wkh uhvxowv ghulyhg xqghu wkh dvvxpswlrq wkdw wkh lqfxpehqw kdv doo wkh edujdlqlqj srzhu duh
txdolwdwlyho| wkh vdph/ exw vlqfh wkh rswlpdo sulfh shu0xqlw ri fdsdflw| zloo eh vpdoohu/ sduwldo
hqwu| soxv ixoo lqwhjudwlrq zrxog wdnh sodfh pruh riwhq/ dqg zhoiduh zrxog eh odujhu ehfdxvh

57 Lw lv hdv| wr yhuli| wkdw wkh �{hg frvw ohyho wkuhvkrog lv DD
�ee
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wkh sulfh shu0xqlw ri fdsdflw| zloo eh vhw dw orzhu ohyho1

8 Frqfoxvlrqv
Wklv sdshu kdv vwxglhg olehudol}dwlrq lq d pdunhw lq zklfk lqlwldoo| wkhuh lv dq xqlqwhjudwhg
prqrsro| xsvwuhdp wkdw rzqv dq hvvhqwldo idflolw| dqg wzr grzqvwuhdp �upv1 Lw kdv vkrzq
wkdw zkhq wkh frvw ri exloglqj d qhz idflolw| lv vpdoo/ idflolw|0edvhg frpshwlwlrq dqg ixoo yhuwlfdo
lqwhjudwlrq zloo wdnh sodfh/ zkloh zkhq lw lv vx!flhqwo| odujh vkdulqj idflolwlhv dqg ixoo yhuwlfdo
lqwhjudwlrq zloo wdnh sodfh1 Vkduhg idflolwlhv lv sur0frpshwlwlyh uhodwlyh wr wkh lqlwldo vlwxdwlrq
exw lw lv dqwlfrpshwlwlyh uhodwlyh wr idflolw|0edvhg frpshwlwlrq1 Krzhyhu/ wkh odwwhu lv h!flhqw
iru �{hg frvw ohyhov lq dq lqwhuphgldwh udqjh/ exw/ zkhq revhuyhg/ idflolw|0edvhg frpshwlwlrq lv
dozd|v h!flhqw1 Wkxv/ wkh pdunhw lwvhoi lv deoh wr vroyh wkh wudgh0r� ehwzhhq vdylqj �{hg frvwv
dqg vriwhqlqj grzqvwuhdp frpshwlwlrq h!flhqwo| lq pdq| vlwxdwlrqv1

Wkh uhvxowv surylgh d udwlrqdoh iru wkh olehudol}dwlrq ri lqgxvwulhv zlwk fkdudfwhulvwlfv ri
qdwxudo prqrsro| dv d frpsolphqwdu| phdvxuh/ li qrw dv dq dowhuqdwlyh wr gluhfw uhjxodwlrq1 Lq
idfw/ xquhjxodwhg sulydwl}dwlrq lv d uhohydqw srolf| ghvljq xqghu hvvhqwldo idflolw| edvhg frpshwl0
wlrq1 Lq sudfwlfh/ krzhyhu/ wr zklfk lqgxvwulhv wklv fdq eh dssolhg lv d txhvwlrq wkdw ghpdqgv d
fdvh e| fdvh dqdo|vlv wkdw lv rxw ri wkh vfrsh ri wklv sdshu1 Olehudol}dwlrq pd| dovr eh xvhixo dv
dq dqwlwuxvw uhphg|/ hvshfldoo| zkhq wkh frvwv ri uhsolfdwlqj wkh lqfxpehqw*v idflolw| duh vpdoo
ru wkh gl�huhqfh lq h!flhqf| ehwzhhq wkh lqfxpehqw dqg wkh hqwudqw*v idflolw| lv vljql�fdqw1

Wkh dqdo|vlv khuh kdv suhvhqwhg d prgho wkdw hqulfkhv wkh fdvh iru olehudol}dwlrq ri qdwxudo
prqrsrolhv dv dq dowhuqdwlyh srolf| wr gluhfw uhjxodwlrq/ exw vrph fdyhdwv duh lq rughu1 Iru
lqvwdqfh/ lw lv frpprqo| dujxhg wkdw yhuwlfdo lqwhjudwlrq pd| idflolwdwh frooxvlrq/ |hw frooxvlrq
lvvxhv kdyh ehhq vhw dvlgh/ dqg zh gr qrw frqvlghu wkh lvvxh ri ghjudglqj txdolw| ri dffhvv wr wkh
lqfxpehqw*v idflolw|1 Wkh lqfhqwlyh wr ghjudgh txdolw| pd| ghfuhdvh wkh ehqh�wv ri olehudol}dwlrq
dqg lqgxfh wkh dxwkrulwlhv wr lpsrvh vrph w|sh ri uhjxodwlrq1
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Uhihuhqfhv
^4` Ehdug/ W1/ Ndvvhupdq/ G1/ dqg Pd|r/ M1 +5334,1 �Uhjxodwlrq/ Yhuwlfdo Lqwhjudwlrq/ dqg

Vderwdjh�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1 5</ Q� 7<= 64<06661

^5` Erun/ U1 +4<:;,1 Wkh Dqwlwuxvw Sdudgr{= D Srolf| dw Zdu zlwk Lwvhoi1 Qhz \run= Edvlf
Errnv1

^6` Euxhfnqhu/ M1 dqg Zkdohq/ Z1 +5333,1 �Wkh Sulfh H�hfwv ri Lqwhuqdwlrqdo Dluolqh Do0
oldqfhv�/ Wkh Mrxuqdo ri Odz dqg Hfrqrplfv/ Yro1 76/ Q� 5= 836087:1

^7` Fkhq/ ]1 dqg Urvv/ W1 Z1 +5333,1�Vwudwhjlf Dooldqfhv/ Vkduhg Idflolwlhv/ dqg Hqwu| Ghwhu0
uhqfh�/ Wkh UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 64/ Q� 5= 65906771

^8` Fkhq/ \1 +5334,1�Rq Yhuwlfdo Phujhu dqg Wkhlu Frpshwlwlyh H�hfwv�/ Wkh UDQG Mrxuqdo
ri Hfrqrplfv/ Yro1 65/ Q� 7= 99:09;81

^9` Gl{lw/ D1 +4<;3,1 �Wkh Uroh ri Lqyhvwphqw lq Hqwu|0Ghwhuuhqfh�/ Hfrqrplf Mrxuqdo/ Yro1
<3= <804391

^:` Jdoh/ L1 +4<<7,1 �Sulfh Frpshwlwlrq lq Qrqfrrshudwlyh Mrlqw Yhqwxuhv�/ Lqwhuqdwlrqdo Mrxu0
qdo ri Lqgxvwuldo Rujdql}dwlrq/ Yro1 45= 8609<1

^;` Khqgulfnv/ N1/ Slfflrqh/ P1/ dqg Wdq/ J1 +4<<:,1 �Hqwu| dqg H{lw lq Kxe0Vsrnh Qhwzrunv�/
Wkh UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 5;/ Q� 5= 5<406361

^<` Jrghn/ S1H1 dqg Orsdwnd/ M1H1 +4<<5,1 �Dqrwkhu Orrn dw Dofrd= Udlvlqj Ulydo*v Frvw Grhv
Qrw Lpsuryh wkh Ylhz�/ Wkh Mrxuqdo ri Odz dqg Hfrqrplfv/ Yro1 68/ Q� 5= 64406681

^43` Jdxghw/ J1 dqg Ydq Orqj/ Q1 +4<<:,1 �Yhuwlfdo Lqwhjudwlrq/ Iruhforvxuh/ dqg Sur�wv lq
wkh Suhvhqfh ri Grxeoh Pdujlqdol}dwlrq�/ Mrxuqdo ri Hfrqrplfv dqg Pdqdjphqw Vwudwhj|/
Yro1 49= 69:06;71
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^44` Nohlw/ D1 dqg Sdovvrq/ K1 +4<<9,1 �Lv Wkhuh Dqwl0Frpshwlwlyh Ehkdylrxu lq wkh Fhqwudo
Fdqdgldq Fhphqw Lqgxvwu|B1 Whvwlqj Duelwudjh Frvw K|srwkhvlv�/ Fdqdgldq Mrxuqdo ri
Hfrqrplfv/ Yro1 5</ Q� 5= 67606891

^45` Ohy|/ G1 dqg Uhl�hq/ G1 +4<;;,1 �Yhuwlfdo Lqwhjudwlrq dv Vwudwhjlf Ehkdylru lq d Vsdfldo
Vhwwlqj= Uhgxflqj Ulydov* Uhyhqxh�/ Ihghudo Wudgh Frpplvvlrq Exuhdx ri Hfrqrplfv
Zrunlqj Sdshu Q� 4981

^46` Pdqg|/ G1 +5333,1 �Nloolqj wkh Jrrvh wkdw Pd| Kdyh Odlg wkh Jroghq Hjj= Rqo| wkh Gdwd
Nqrzv zkhwkhu Vderwdjh Sd|v�/ Mrxuqdo ri Uhjxodwru| Hfrqrplfv/ Yro1 4:/ Q� 5= 48:04:51

^47` Pxulv/W1 +5333,1 �Wkh IWF dqg wkh Odz ri Prqrsrol}dwlrq�/ Dqwluxvw Odz Mrxuqdo/ Yro1
9:= 9<60:561

^48` Rk/ M0J1 +4<<9,1 �Joredo Vwudwhjlf Dooldqfhv lq wkh Whohfrppxqlfdwlrq Lqgxvwu|�/ Whohfrp0
pxqlfdwlrqv Srolf|/ Yro1 53/ Q� <= :460:531

^49` Sdun/ M0K1 dqg ]kdqj/ D1 +5333,1 �Dq Hpslulfdo Dqdo|vlv ri Joredo Dluolqh Dooldqfhv=
Fdvhv lq Qruwk Dphulfdq Pdunhwv�/ Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ Yro1 49= 69:06;71

^4:` Rugryhu/ M1D1/ Vdorqhu/ J1/ dqg Vdors/ V1F1 +4<<5,1 �Htxloleulxp Yhuwlfdo Iruhforvxuh�/
Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;3/ Q� 5= 45:04751

^4;` Slwrivn|/ U1 +5335,1 �Wkh Hvvhqwldo Idflolw| Grfwulqh Xqghu Xqlwhg Vwdwhv Dqwlwuxvw Odz�/
Dqwlwuxvw Odz Mrxuqdo/ Yro1 :3= 776079;1

^4<` Srvqhu/ U1 +4<:9,1 Dqwlwuxvw Odz= Dq Hfrqrplf Shuvshfwlyh/ Xqlyhuvlw| ri Fklfdjr Suhvv1

^53` Uhlw}hv/ M1 dqg Ohy|/ G1 +4<<8,1 �Sulfh Glvfulplqdwlrq dqg Phujhuv�/ Fdqdgldq Mrxuqdo ri
Hfrqrplfv/ Yro1 5;/ Q� 5= 75:07691

^54` Udvvhqwl/ V1/ Uh|qrogv/ V1/ dqg Vplwk/ Y1 +4<<7,1 �Frwhqdqf| dqg Frpshwlwlrq lq dq
H{shulphqwdo Dxfwlrq Pdunhw iru d Qdwxudo Jdv Slsholqh�/ Hfrqrplf Wkhru|/ Yro1 5;/ Q�

5= 75:07691
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^55` Uhl�hq/ G1 dqg Nohlw/ D1 +4<<3,1 �Whuplqdo Udlourdg Uhylvlwhg= Iruhforvxuh ri dq Hvvhqwldo
Idflolw| ru Vlpso| Krul}rqwdo Prqrsro|B�/ Wkh Mrxuqdo ri Odz dqg Hfrqrplfv/ Yro1 66/
Q� 5= 74<07631

^56` Uh|/ S1 dqg Wluroh/ M1 +5337,1 �D Sulphu rq Iruhforvxuh�/ iruwkfrplqj lq Wkh Kdqgerrn ri
Lqgxvwuldo Rujdql}dwlrq Yro1 6/ Dupvwurqj/ P1 | U1 Sruwhu hglwruv/ Qruwk Kroodqg1

^57` Vdolqjhu/ P1D1 +4<;;,1 �Yhuwlfdo Phujhuv dqg Pdunhw Iruhforvxuh�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ Yro1 436= 67806891

^58` Vdors/ V1F1 dqg Vfkh�pdq/ G1W1 +4<;:,1�Frvw0Udlvlqj Vwudwhjlhv�/ Mrxuqdo ri Lqgxvwuldo
Hfrqrplfv/ Yro1 69/ Q� 5= 4<0671

^59` Vshqfh/ D1 +4<::,1 �Hqwu|/ Fdsdflw|/ Lqyhvwphqw/ dqg Roljrsrolvwlf Sulflqj�/ Ehoo Mrxuqdo
ri Hfrqrplfv/ Yro1 ;= 86708771

^5:` X1V1 Ihghudo Wudgh Frpplvvlrq dqg Ghsduwphqw ri Mxvwlfh +5333,1 Jxlgholqhv iru Froode0
rudwlrq Dprqj Frpshwlwruv/ Zdvklqjwrq G1F1

D Dsshqgl{
Surri1 ri Ohppd 41

Lw iroorzv iurp wkh htxloleulxp frqglwlrqv iru wkh grzqvwuhdp pdunhw wkdw wkh rswlpdo
txdqwlwlhv duh jlyhq e| t8� +4, @ ��K +d� 5f.p�, dqg t8� +4, @ ��K +d� 5p� . f,/ zkhuh 4 vwdqgv
iru rqo| rqh lqwhjudwhg xsvwuhdp �up1
Wkh pdunhw ghpdqg iru wkh xsvwuhdp lqsxw frphv iurp wkh qrq0lqwhjudwhg grzqvwuhdp �up
G� 1 Wklv �up zloo eh vxssolhg e| wkh qrq0lqwhjudwhg xsvwuhdp �up X� wkdw surgxfhv }� dqg
srwhqwldoo| e| wkh lqwhjudwhg xsvwuhdp �up X� wkdw kdyh qhw vdohv v�1 Wkh frpshwlwlrq dw wkh
xsvwuhdp vwdwh lv wkhuhiruh vxemhfw wr wkh ghulyhg lqyhuvh ghpdqg

f� +4, @ d.p� � 6e +v� . }�,
5 1 +<,

5:



Xvlqj wkh hqyhorsh wkhruhp/ wkh htxloleulxp frqglwlrqv lq wklv fdvh duh wkhq jlyhq e|

d.p� � 5p� � 6ev� � 9e}� � 3/ +43,

5
6f +4,�

4
6d�

4
6p� . v�

�
�6
5e
�
� 31 +44,

Lw uhdglo| iroorzv iurp wkhvh htxloleulxp frqglwlrqv wkdw wkh rswlpdo txdqwlwlhv duh=
}8� +4, @ DE@326�n6��

2eK /
v8� +4, @ ��E@n6�326��

�2K /
}8� +4, @ �.@3��6�n�e6�

eHK 1
Wkxv/ wkh lqsxw sulfh lv f8� +4, @ ��S +8d. 8p� . 9p�, A pd{ ip�>p�j dqg wkh �qdo jrrg

sulfh lv s8� +4, @ ��S +:d. :p� . 5p�,1
Surri1 ri Sursrvlwlrq 51
Frqvlghu �uvw �upv X� dqg G�*v ehvw uhvsrqvh wr qrq0lqwhjudwlrq e| �upv X� dqg G�1 Qrwlfh

wkdw
�88� +4,�

��8L� +3, . �8(� +3,
� @

HSb@232�bf@6�nSD2@6�n��eb62�3�fH6�6�3�.262�
2f.�SK

1

Qrwlfh wkdw li p� @ p� @ p/ wkhq �88� +4, �
��8L� +3, . �8(� +3,

� @ HSb2f.�S @
232@6n62

K A 31
Vxssrvh wkdw l @ 4 dqg m @ 5= Wkhq/ �88� +4,�

��8L� +3, . �8(� +3,
� lv vwulfwo| lqfuhdvlqj lq p2

dqg dw p2 @ 3 lv htxdo wr HSb@232�bf@6�n��eb62�2f .�SK = Qrwlfh wkdw wklv ghfuhdvhv lq p� dqg wkdw dw
p� @ @2 lv htxdo wr Db2�S @

2
K A 3= Wkxv/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh wr qrq0lqwhjudwlrq

e| �upv X2 dqg G2 iru doo p� dqg p2=
Vxssrvh qh{w wkdw l @ 5 dqg m @ 4= Wkhq/ �882 +4,�

��8L2 +3, . �8(2 +3,
� lv vwulfwo| ghfuhdvlqj

lq p2 dqg dw p2 @ p�> lv htxdo wr HSb2f.�S
@232@6�n62�K A 3= Wkxv/ yhuwlfdo lqwhjudwlrq lv wkh ehvw

uhvsrqvh wr qrq0lqwhjudwlrq e| �upv X� dqg G� iru doo p� dqg p2=
Frqvlghu qh{w �upv X� dqg G�*v ehvw uhvsrqvh wr lqwhjudwlrq e| �upv X� dqg G� 1 Qrwlfh

wkdw

�88� +5,�
��8L� +4, . �8(� +4,

� @ 68
4485

+d� 5p� .p�,2
e A 31

5;



Jlyhq wkdw wkh gl�huhqfh lq mrlqw sur�wv lv srvlwlyh/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh
wr lqwhjudwlrq e| �upv X� dqg G� iru doo p� dqg p� =

Wkhvh wzr wklqjv wrjhwkhu lpso| wkdw yhuwlfdo lqwhjudwlrq lv d grplqdqw vwudwhj|1
Surri1 ri Ohppd 61
Dsso|lqj wkh hqyhorsh wkhruhp/ wkh �uvw0rughu frqglwlrqv duh jlyhq e|=

}� = d. u � 5p� � 6ev2 � 9e}� @ 3
v2 = �

� +d. u � 6e +v2 . }�,,� �
�d� �

�u � �
2ev2 @ 3=

Vroylqj wkhvh rxw/ rqh jhwv wkh iroorzlqj=
}�� +4, @ DE@no326��2eK /
v�2 +4, @ ��E@no326���2K /
}�2 +4, @ E�.@n�e6�3��o�eHK 1

Soxjjlqj wklv ydoxhv lqwr wkh ghulyhg ghpdqg/ rqh jhwv f2 +4, dqg s�2 +4, dv fodlphg1
Surri1 ri Ohppd 71
Dsso|lqj wkh hqyhorsh wkhruhp/ wkh �uvw0rughu frqglwlrqv duh jlyhq e|=

}2 = d.p� � 5u � 6ev� � 9e}2 @ 3
v� = �� +d.p� � 6e +v� . }2,,� ��d� ��p� �2ev� @ 3

Vroylqj wkhvh rxw/ rqh jhwv wkh iroorzlqj=
}�2 +4, @ DE@n6�32o�2eK /
v�� +4, @ ��E@n6�32o��2K /
}�� +4, @ E�.@n�eo3��6��eHK 1

Soxjjlqj wklv ydoxhv lqwr wkh ghulyhg ghpdqg/ rqh jhwv f� +4, dqg s�� +4, dv fodlphg1
Surri1 ri Sursrvlwlrq BB1
Frqvlghu �uvw �upv X2 dqgG2*v ehvw uhvsrqvh wr qrq0lqwhjudwlrq e| �upv X� dqgG�1 Qrwlfh

wkdw
��82 +4,�

���L2 +3, . ��(2 +3,
� @

�2f.�SK
�;9<d2 � 56<3du. 985dp� . 467<u2 � 63;up� � 4:5p2�

�

5<



Lw lv hdv| wr fkhfn wkdw wkh gl�huhqfh lq mrlqw sur�wv lv frqwlqxrxv/ vwulfwo| frqyh{ lq u/ vwulfwo|
ghfuhdvlqj lq u iru doo u � 2�bf@n�fH6�2SbH > dqg htxdo wr �2f.�S

HSb@2nSD2@6�3�.262�K A 3 dw u @ 31 Ixu0
wkhupruh/ qrwlfh wkdw wklv h{suhvvlrq kdv wzr uhdo urrwv jlyhq e| +=7;<p� . =844d>�=594p� . 4=594d,1
Wkh wzr urrwv duh srvlwlyh dqg odujhu wkdq @n6�2 > zklfk lv wkh pd{lpxp ydoxh doorzhg iru u1
Wkxv/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh wr qrq0lqwhjudwlrq e| �upv X� dqg G� iru doo
u � @n6�2 1

Frqvlghu qh{w �upv X2 dqg G2*v ehvw uhvsrqvh wr lqwhjudwlrq e| �upv X� dqg G�1 Qrwlfh
wkdw

��82 +5,�
���L2 +4, . ��(2 +4,

� @ 68
4485e +d.p� � 5u,2 1

Jlyhq wkdw wkh gl�huhqfh lq mrlqw sur�wv lv srvlwlyh/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh
wr lqwhjudwlrq e| �upv X� dqg G� iru doo u �p�1

Wkhuhiruh/ yhuwlfdo lqwhjudwlrq lv d grplqdqw vwudwhj| iru �upv X2 dqg G2 doo u � @n6�2 =
Frqvlghu qrz �upv X� dqgG�*v ehvw uhvsrqvh wr qrq0lqwhjudwlrq e| �upv X2 dqgG21 Qrwlfh

wkdw

��8� +4,�
���L� +3, . ��(� +3,

� @ 4
53:69e

�;9<d2 . 697du � 5435dp� . 737u2 � 44:5up� . 496:p2�
� 1

Lw lv hdv| wr fkhfn wkdw wkh gl�huhqfh lq mrlqw sur�wv lv frqwlqxrxv/ vwulfwo| frqyh{ lq u dqg
htxdo wr HSb@232�bf@6�n��eb62�2f.�SK zkhq u @ 3/ zklfk lv dozd|v srvlwlyh vlqfh @2 �p�= Ixuwkhupruh/
wklv h{suhvvlrq kdv qr uhdo urrwv iru u= Wkxv/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh wr qrq0
lqwhjudwlrq e| �upv X� dqg G� iru doo u � 31

Ilqdoo|/ frqvlghu �upv X� dqg G�*v ehvw uhvsrqvh wr lqwhjudwlrq e| �upv X2 dqg G21 Qrwlfh
wkdw

��8� +5,�
���L� +4, . ��(� +4,

� @
�D@2neS@o3��S@6�n��o23SHo6�nb262���D2K 1

Wklv gl�huhqfh lv d vwulfwo| frqyh{ ixqfwlrq ri u dqg kdv wzr uhdo urrwv jlyhq e| iu @ �d.5p�>
u @ ��D��d. eS��p�j1 Wkhvh urrwv duh erwk qhjdwlyh vlqfhp� � @2 1 Wkxv/ jlyhq wkh vwulfw frqyh{lw|
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ri wkh sur�w ixqfwlrq/ yhuwlfdo lqwhjudwlrq lv wkh ehvw uhvsrqvh wr lqwhjudwlrq e| �upv X2 dqg
G2 iru doo u A 3=

Surri1 ri Ohppd 9=
Wkh lqfxpehqw*v rswlpl}dwlrq sureohp lv wkh iroorzlqj=

pd{oMkfc@n6�2
l ��8� +5,� ��(� +4,

vxemhfw wr ��82 +5,� ��(2 +4, � �882 +5,� �8(2 +4,/
+SIYL,

zkhuh

��8� +5,� ��(� +4, @
88d2 � 745dp� . 635du . 5;p2� . 689up� � 65<u2

8:9e
dqg wkdw

��82 +5,� ��(2 +4, @
88
8:9

+d� 5u.p�,2
e dqg �882 +5,� �8(2 +4, @

88
8:9

+d� 5p2 .p�,2
e �N

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh vroxwlrq wr wklv sureohp zkhq wkh frqvwudlqw lv ljqruhg
lv u @ �f2@n�DS6�SDH ? @n6�2 1 Wkxv/ li wkh hqwudqw*v frqvwudlqw lv vdwlv�hg dw u @ �f2@n�DS6�SDH / wkh
rswlpdo vroxwlrq iru sureohp SIYL/ ghqrwhg e| u +5,/ lv jlyhq e| �f2@n�DS6�SDH 1 Ehfdxvh wkh
remhfwlyh ixqfwlrq lv vwulfwo| frqfdyh dqg lqfuhdvlqj iru doo u � �f2@n�DS6�SDH dqg wkh uhvwulfwlrq
lv vwulfwo| frqyh{ dqg ghfuhdvlqj lq u iru doo u � @n6�2 / wkh rswlpdo uW lv vhw wr wkh plqlpxp
ehwzhhq

plq
+
d.p�

5 � 4
5
�
+d� 5p2 .p�,2 � 8:9

88 eN
��

2 > 635d. 689p�
98;

,

zkhuh wkh �uvw hqwu| lv wkh u wkdw vdwlv�hv �up X2*v sur�w frqvwudlqw zlwk htxdolw|1
Ohw gh�qh aN dv wkh fdslwdo ohyho wkdw vroyhv wkh iroorzlqj

d.p�
5 � 4

5
�
+d� 5p2 .p�,2 � 8:9

88 eN
��

2 @ 635d. 689p�
98; =

Wkxv/

aN @ 88 �59 ;:;d2 . 87 7;8dp� . 59 ;:;p2� � 43; 574dp2 . 43;574p22 � 43;574p2p�
�

48 8;9 :37e =
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Wklv lpsolhv wkdw uW lv htxdo wr @n6�2 � �2
�
+d� 5p2 .p�,2 � D.SDD eN

� �
2 iruN � aN dqg htxdo

wr �f2@n�DS6�SDH iru N A aN1 aN lv orzhu wkdq N vlqfh @n6�2 � �
2
�
+d� 5p2 .p�,2 � D.S

DD eN
� �

2 dw
N @ N lv htxdo wr @n6�2 1

Iru ixoo lqwhjudwlrq dqg sduwldo hqwu| wr eh dq htxloleulxp ri wkh zkroh jdph/ �up X� pxvw
eh ehwwhu0r� vkdulqj lwv idflolw| zlwk wkh hqwudqw wkdq zkhq xsrq hqwu| �up X2 exlogv lwv rzq
idflolw|> wkdw lv/ ��L� +5,� �8L� +5, � 31

Qrwlfh wkdw ��L� +5,� �8L� +5, lv htxdo wr
<d2 � 55;dp� . 653du � 489p2� . 653p�u � 653u2 � 443dp2 . 553p2p� � 88p22

8:9e >

zklfk lv vwulfwo| frqfdyh lq u dqg vwulfwo| lqfuhdvlqj lq u iru doo u � @n6�2 1 Li zh hydoxdwh wklv
lq wkh rswlpdo sulfh shu0xqlw ri fdsdflw| uW/ iru doo N � aN lv htxdo wr

66d2 � ;69dp� � 8:5p2� . ::3dp2 � 46:8p22 . 4<;3p�p2 . 63:5eN
5445e /

zkloh iru N A aN lv htxdo wr
<8:845<d2 � :576:7;dp� � ;5;7969p2� � 44<39843dp2 . 56;46353p2p� � 8<86588p22

95679;49e =

Ehfdxvh ��L� +5, � �8L� +5, lv srvlwlyh58 iru doo N A aN dqg vwulfwo| lqfuhdvlqj lq N iru doo
N � aN/ wkhuh h{lvwv d N/ ghqrwhg e| NW> dqg htxdo wr

NW �
;?
=

��^E.f@nDD6�3�2D62��63�E@36��2`
�f.2K iru 7p � @36�2D >

3 iru 7p ? @36�2D >
vxfk wkdw ��L� +5,� �8L� +5, lv srvlwlyh iru doo N A NW1

Surri1 ri Sursrvlwlrq :1
Qrwlfh �uvw wkdw iru N � NW/ frqvxphu zhoiduh lv odujhu xqghu ixoo hqwu| vlqfh uW A p2�

grzqvwuhdp sur�wv duh dovr odujhu xqghu ixoo hqwu| vlqfh uW A p2/ wkh lqfxpehqw �up*v sur�w lv
58Z�L4 E2�3 Z8L4 E2� lv srvlwlyh iru doo g : 	g vlqfh lw lv d frqfdyh ixqfwlrq ri 62 dqg kdv wzr uhdo urrwv jlyhq

e|= 32�S�D @n��S�D6� dqg � S�D @n ��HD6�� Wkh iruphu lv qhjdwlyh zkloh wkh odwwhu lv srvlwlyh1 Wklv jxudqwhhv
wkdw Z�L4 E2�3 Z8L4 E2� lv srvlwlyh iru doo 62 M dfc6�o1
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odujhu xqghu ixoo hqwu|/ dqg wkh hqwudqw lv lqgl�huhqw ehwzhhq ixoo hqwu| dqg sduwldo hqwu| vlqfh
uW lv vhw wr vdwlvi| ��L2 +5, @ �8L2 +5,1 Wkxv/ wrwdo zhoiduh lv odujhu xqghu ixoo hqwu| wkdq sduwldo
hqwu| iru doo N � NW1

Jlyhq wkh uhvxowv lq Sursrvlwlrq BB/ wrwdo zhoiduh xqghu ixoo hqwu| dqg ixoo lqwhjudwlrq plqxv
wrwdo zhoiduh xqghu sduwldo hqwu| dqg ixoo lqwhjudwlrq ehiruh vxevwudfwlqj wkh �{hg frvw/7Z +N,/
lv jlyhq e|=

9p2� � 47p2p� . 9dp� . 44p22 � ;dp2 . 5du . u2 � 7up�
4;e 1 +45,

Qrwlfh wkdw wklv lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri u dqg vlqfh uW lv lqfuhdvlqj lq N iru doo
N � aN/ 7Z +N, lv lqfuhdvlqj lq N1 Lq dgglwlrq/ 7Z +N,�N lv vwulfwo| frqyh{ lq N/ htxdo
wr ��K +d� 5p2 .p�,7p � 3 dw N @ 3/ dqg htxdo wr

<<;79p2� � 5<6:<:p�p2 . <7438dp� . 4:33<6p22 � 796;<dp2 � 56;8;d2
:75557e +46,

dw N @ aN1
Qrwlfh wkdw wklv ixqfwlrq lv vwulfwo| frqyh{ lq p2/ ghfuhdvlqj lq p2 iru doo p2 � p� dqg lv

htxdo wr � �� b2b�.� ��2
E@36��2K ? 3 dw p2 @p�1 Wkxv/ lw lv hdv| wr yhuli| wkdw 7Z

� aN
�
� aN A 3 iru

doo 7p A 3=595 +d�p�, =
Ixuwkhupruh/ gxh wr wkh vwulfw frqyh{lw| ri 7Z +N,�N iru doo N � aN zlwk uhvshfw wr N>

7Z +N,�N kdv wzr urrwv/ ghqrwhg e| Nu dqg NM uhvshfwlyho|/ jlyhq e|=

88
5
97

+433d� 488p2 . 88p�,7p. 46 +d�p2,2	
+d�p�,

�
49< +d�p�,2 � +585d� <57p2 . 9:5p�,7p

��
2

6
:8

48;:9e
Ehfdxvh wkh whup xqghu wkh vtxduh urrw lv vwulfwo| frqfdyh lq p2/ wkhvh urrwv duh uhdo iru doo

7p 5 ^3> 3=646 +d�p�,`1 Wklv lpsolhv wkdw zhoiduh xqghu ixoo hqwu| lv odujhu wkdq zhoiduh xqghu
sduwldo hqwu| iru doo N � Nu dqg N A plq

q
NM > aN

r
zkhq 7p lv vpdoohu wkdq 3=646 +d�p�,/

rwkhuzlvh zhoiduh lv dozd|v odujhu xqghu ixoo hqwu|1
Ehfdxvh 7Z

� aN
�
� aN A 3 iru doo 7p A 3=595 +d�p�, dqg NM lv uhdo iru doo 7p ?

3=646 +d�p�,1 Lw uhdglo| iroorzv wkdw NM � aN iru doo 7p A 3=595 +d�p�,1
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Ilqdoo| qrwlfh wkdw 7Z +N, �N lv vwulfwo| ghfuhdvlqj lq N iru doo N A aN> dqg wkhuhiruh
7Z +N,�N ? 3 iru dooN A NWW � eeS HH262�3�D�D �.e6�62nS2�S�f@6�n��bf SD�6223HSD b2H@62n�22�Db@2

�beH ��HK =
NWW lv orzhu wkdq N iru doo 7p ? 3=599 +d�p�,1

Sxwwlqj doo wkhvh uhvxowv wrjhwkhu wkh sursrvlwlrq rewdlqv1
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